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Abstract
The cubic rare-earth boride series displays diverse electronic states
like localized 4 f electron multiplets split by the crystal electric
field (CEF), itinerant heavy-fermion quasiparticle bands of the
Kondo lattice as well as gapped Kondo insulator or mixed-valent
semiconductor states. Furthermore, at low temperatures fairly
exotic ordered states may appear due to the ”hidden” order of
multipoles carried by degenerate CEF multiplets, in addition to
common (dipolar) magnetic order present in many RB6 (R = rare
earth) systems. Most prominent are CeB6 and its La-diluted alloys
Rare-Earth Borides
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2 Multipolar order and excitations in rare-earth boride Kondo systems
which exhibit quadrupolar and octupolar ordering enabled by
the cubic Γ8 quartet state. The associated collective excitations
are multipolar waves with a dispersion characteristic for the
underlying order and accessible by inelastic neutron scattering.
This localized multipolar-moment picture of RB6 has to be
complemented by the itinerant Kondo-lattice approach. Due to the
presence of hybridization and collective ordering gaps, a singular
magnetic response can lead to the appearance of collective spin
exciton modes inside the gap around symmetry points of the
Brillouin zone (BZ). This has been observed in heavy-fermion metal
CeB6 and in particular in the Kondo insulators YbB12 and SmB6.
The latter, which has no Landau-type local symmetry breaking is
also the prime candidate for a strongly correlated insulator with
topological order, caused by odd number of band crossings of
4 f and 5d bands in the BZ. The signature of topological order is
the existence of massless Dirac surface states with helical spin
polarization, a topic of intense investigation in SmB6.
1.1 Introduction
The RB6 (R = rare earth) compounds are a versatile model series
for strongly correlated 4 f electron materials. These compounds
have the cubic CaB6 structure (space group Pm3¯m) where the
B6 octahedra play the role of anions (Fig. 1.1). The rare-earth
(RE) ions are mostly in the 3+ configuration, but 2+ and mixed
valence also occur (see Table 1.2). The continuous interest in
the series in the last fifty years stems largely from the fact that
they show a great variety of low temperature ordered phases.
They are triggered by the lifting of the degeneracies by the 4 f -
electron CEF ground state multiplets and the interplay with RE
4 f -5d conduction electron inter-site hybridization. In most cases
the ordered phases show magnetic order of (non-)collinear type
depending on temperature and external field. The degenerate
CEF ground states, however, not only support ordering of dipolar
(rank 1) magnetic moments but also of higher quadrupole (rank
2), octupole (rank 3) and generally rank p ≤ 2l (l = 3) multipoles
of 4 f electrons. Here even and odd rank p correspond to the
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preservation and breaking of time reversal symmetry by the
order parameter [1, 2]. The hybridization with conduction states
leads (via a generalized Schrieffer-Wolff mechanism) to effective
inter-site interaction between those multipoles which drive their
ordering. Multipole order with rank p ≥ 2 is generally termed
‘’hidden order” (HO) because it cannot easily be detected by
the conventional (dipolar) neutron and x-ray scattering which
yield no diffraction peaks except when it induces a considerable
secondary lattice distortion. More involved methods like neutron
diffraction (ND) in external field [3], high momentum transfer
neutron scattering [4], resonant x-ray scattering [5–7] or ultrasonic
investigations [8,9] and NMR method [10] have to be applied. This
has given new impetus to investigate the multipolar ordering in
f -electron compounds. The most well-known examples of higher
rank HO are cubic hexaborides CeB6 and Ce1−xLaxB6 (rank 2
quadrupole and rank 3 octupole) [11], NpO2 (rank 3 octupole) [12]
and tetragonal URu2Si2 (proposed rank 5 dotriakontapole) [13–16].
1
3
Figure 1.1 Cubic CaB6-type structure of RB6 borides. R3+ ions (blue)
form a simple cubic sublattice. The B6 octahedra (red) play the role of
the anions at body-centered positions forming a cage for RE. The lattice
constant for R = Ce is a ≈ 4.14 A˚. Boron sites 1 and 3 are inequivalent in
NMR (Sec. 1.3.3).
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4 Multipolar order and excitations in rare-earth boride Kondo systems
Further examples are found in the cubic 4 f skutterudites [17–19]
and 1-2-20 cage compounds [20].
In fact, the hexaborides may also be considered as cage
compounds where rare-earth ions on the simple cubic sublattice
are surrounded by a cage of eight B6 octahedra (Fig. 1.1). In both
series this leads to the interesting possibility of ’rattling’ or strongly
anharmonic motion of RE ions in the cages. It is also known from
the RE clathrate cage compounds [21] where it strongly influences
transport properties, in particular thermoelectric power. The
rattling motion in the boride series leads to flat phonon branches
that can be interpreted as low energy (h¯ωE ' 10 meV) Einstein
modes of RE ions in oversized B6 cages. It is most prominent for
some heavier RE (Gd, Dy, Tb) hexaborides due to the lanthanide
contraction of RE ionic radii [22–24]. The anharmonic low energy
rattling phonons are in contrast to the extremely stiff motion of
the boron cage as witnessed by the very large longitudinal elastic
constants [25].
1.1.1 Conduction bands and Fermi surface
In this review we focus exclusively on the correlated electronic
properties of the series, in particular hidden 4 f multipole order and
its excitations. We also discuss the consequences of Kondo effect
and associated 4 f -5d hybridization, i.e. Kondo insulator state , spin
resonance formation, band crossing and topological properties like
protected helical surface states. Therefore it is useful to get first a
schematic picture of the electronic degrees of freedom, itinerant
5d and localized 4 f of the rare earth as well as 3p valence state
of the B6 cages. A sketch of the position and dispersion of these
electronic states (excluding hybridization effects) is given in Fig. 1.2
for typical cases of the RE valences. 1
The 5d-like bands show large dispersions and, except for the
two 2+ valence cases of semimetal EuB6 and semiconductor YbB6,
lead to the large 5d-type electron pockets in the Fermi surface (FS)
(see Fig. 1.2) around the X point (0 12 0) (in r.l.u., 1 r.l.u. =
2pi
a ) and
equivalent ones. The FS ellipsoids are touching and form small
necks between them. In the cases LaB6, CeB6, PrB6 and NdB6 where
1In all figures, panels a, b, ... are labeled from left to right and top to bottom.
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(a) (b) (c) (d)
Figure 1.2 (a-c) Schematic bulk band structure (without hybridization,
Fermi level eF = 0) consisting of RE 5d (purple) and 4 f (blue) as well
as B 2p (green) type bands for exemplary compounds with integer as
well as mixed valences; Yb2+, Sm2.5+ and Ce3+, respectively. Here YbB6
is a p-d band semiconductor due to the filled 4 f shell (4 f7/2 binding
energy |e f | ' 1 eV. Due to (inter-site) f -d hybridization and on-site f -
f correlation SmB6 becomes a mixed valence semiconductor and CeB6
(|e f | ' 2.1 eV) a Kondo heavy-fermion metal (adapted from Ramankutty
et al. [26]). (d) Main large Fermi surface sheet (α3-orbit on cubic faces) of
hexaborides. The dimensions of connected X-point ellipsoids is almost
identical for LaB6, CeB6, and SmB6. Adapted from Tan et al. [27].
the dimensions of the X-point pockets have been determined by
dHvA experiments (Table 1.1) [28, 29] the orbital cross sections are
very close for all compounds and their field-angular dependence
identifies an almost spherical shape. Although the large electron
FS (corresponding to an α3-orbit of dHvA results shown in Fig. 1.2)
are similar in LaB6 and CeB6, their effective masses are vastly
different [28, 30] while that of PrB6 is in between (Table 1.1). In
LaB6 there are no f -electrons and the 5d band mass is observed.
In CeB6 the valence is close to 3+ with a 4 f 1 Γ8 CEF ground state
but 4 f -5d hybridization and 4 f -4 f Coulomb repulsion lead to very
narrow 4 f -quasiparticle bands due the Kondo lattice formation
(Sec. 1.6.1). They may be interpreted as lattice-periodic coherent
bands formed by the sharp single-site Kondo resonance states
(dotted blue line in Fig 1.2). In PrB6 the integer 3+ valent 4 f 2 CEF
Γ5 ground state has a much smaller hybridization that leads only to
a small perturbative renormalization to an effective 5d mass. While
for NdB6 there is no mass enhancement as compared to LaB6 due
to negligible hybridization. The boron 2p states do not cross the
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Table 1.1 Area and the effective cyclotron mass (H ‖ [001]) of
α3 orbits (intersection of X-point pockets in Fig. 1.2 with cubic
[001] faces). An average α3 area of 8000 T corresponds to about
1/3 of the cubic BZ face area (2pi/a)2 in Fig. 1.2.
α3 orbit LaB6 CeB6 PrB6 NdB6 SmB6
Fα3 [T] 7890 8670 8190 7980 7800
m∗/me 0.64 14-21 1.95 0.60 *
Ref. [28] [28] [28] [29] [27]
∗ reliable mass assignment was not possible
Fermi level in the series. Nevertheless they have an important
indirect influence in SmB6 where the f -band obtains an upward
dispersion in ΓX direction (thin blue line in Fig. 1.24) due to the
(on-site) hybridization with lower but close 2p bands at X. This
effect is essential for being able to form the topological insulator
state as discussed in Sec. 1.8.2.
1.1.2 Localized 4 f shells, their CEF states, multipoles
and RKKY interactions
In the cubic structure of RB6 the RE ion point group is Oh. This
leads to a cubic CEF potential for the shell of localized spherically
symmetric 4 f n states. For finite temperature and low energies one
may restrict to the ground state characterized by shell angular, spin
and total angular momentum (LSJ), the latter being determined by
the large spin-orbit coupling [ζs.o. = 0.045 eV (Ce)− 0.364 eV (Yb)]
in the R3+ ions. In the common Stevens representation the cubic
CEF potential is written as an operator in terms of symmetrized
polynomials of (Jx, Jy, Jz) in the (2J + 1)-dimensional Hilbert space
of the total angular momentum J ground state multiplet. This is
the well known expression
HCEF = B04
[
O04 + 5O
4
4
]
+ B06
[
O06 − 21O46
]
(1.1)
where Om4 and O
m
6 represent, respectively, fourth and sixth order
symmetrized polynomials of Jz (m = 0) and J±, Jz (m = 4) [31]
corresponding to the real space tesseral harmonics. Furthermore
B04, B
0
6 are CEF parameters that may be formally given within
a point-charge model [31]. The latter determine the splitting
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Figure 1.3 Spectroscopically determined CEF splittings in [K] of the
RE-hexaborides. Results from INS (Ce-Nd) [36] and from RIXS (Sm) [35].
into generally degenerate CEF multiplets that belong to the Oh
representations Γα(dα) where α = 1, 2, 3, 4, 5 for non-Kramers ions
(integer J) with corresponding degeneracy dα = 1, 1, 2, 3, 3 and
α = 6, 7, 8 for Kramers ions (non-integer J) having corresponding
degeneracy dα = 2, 2, 4. The degenerate states of each CEF
multiplet are designated by |Γiα〉 with 1 ≤ i ≤ dα. They
are tabulated in [32] for all J as function of CEF parameters
B4,B6 or alternatively related parameters W, x. In practice the
splittings and wave functions, i.e. the CEF parameters have to
be determined experimentally, mainly by two methods: i) analysis
of high-temperature (single-ion) susceptibility and b) fitting to
peak positions and intensities of inelastic neutron scattering (INS)
spectra that determines directly splitting and dipolar magnetic
matrix elements between the CEF states. In CEF schemes with high
J (or inequivalent RE sites) this is, however not a unique procedure
to determine the CEF parameters. Recently x-ray techniques like
NIXS and RIXS have also contributed to unravel the CEF states
and energies [33–35]. The CEF level schemes, and in particular,
CEF ground states for the RB6 series known so far are summarized
in Fig. 1.3, they concern mostly the light RE, there is surprisingly
little information of the heavier RB6 in the literature.
A CEF level scheme with (2J + 1) states can carry 1 ≤ n ≤
(2J + 1)2 − 1 multipole operators Xn (the identity has been
subtracted) which is simply equal to the number of standard basis
July 26, 2019 0:25 PSP Book - 9in x 6in Borides˙Thalmeier
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operators (minus the identity) defined by Lijαβ = |Γiα〉〈Γ
j
β|. The
multipole operators are linear combinations of the standard basis
operators that belong to specific cubic representations. They may
be expressed as rank p polynomials Pp(Jx, Jy, Jz) and their explicit
form (for p ≤ 4) is tabulated in [7]. Their treatment is discussed
in more detail in Sec. 1.3 for a special case. These multipoles are
the physical 4 f -shell degree of freedoms at every site. When the
hybridization with 5d conduction electrons is taken into account
the localized 4 f multipoles may be effectively coupled at adjacent
sites by a generalized RKKY mechanism well known for the rank
p = 1 multipoles (magnetic dipoles). For a degenerate CEF ground
state then at low temperatures the multipole with the maximum
effective inter-site coupling at a particular wave vector q will
be the primary order parameter. Most frequently this is either
a multipole of rank 1 ( magnetic order) or rank 2 (quadrupolar
HO) but more general HO, in particular rank 3 (octupolar order),
can occur (see Sec. 1.4). General expressions for the effective
RKKY-type multipole interactions may be derived [37–40] and
Table 1.2 Compilation of essential data for RB6 compounds with hidden
(e.g. quadrupolar) and/or magnetic (dipolar) order characteristics. CeB6 is a
Kondo-lattice heavy-fermion metal while semiconducting SmB6 is the only
compound with strongly mixed valence.
compound J valence Oh CEF g.s. THO qHO TN qm
RB6a (degeneracy) [K] r.l.u. [K] [r.l.u.]
CeB6 (HFM) 52 3+ Γ8(4) 3.3 (
1
2
1
2
1
2 ) 2.3 (
1
4
1
4
1
2 )
PrB6 (m) 4 3+ Γ5(3) ( 12
1
2 0) 7 (IC) (
1
4−δ 14 12 )
4.2 ( 12
1
2 0) 4.2 (C) (
1
4
1
4
1
2 )
NdB6 (m) 92 3+ Γ
(2)
8 (4) - - 8 (00
1
2 )
EuB6 (sm) 72 2+ (L = 0) - - 12.5 (000)
GdB6 (m) 72 3+ (L = 0) - - 16 (
1
4
1
4
1
2 )
TbB6 (m) 6 3+ Γ2(1) or Γ3(1) - - 20 ( 14
1
4
1
2 )
DyB6 (m) 152 3+ Γ
(1)
8 (4) 31 (000) 26 (
1
4
1
4
1
2 )
HoB6 (m) 8 3+ Γ5(3) 6.1 (000) - −
YbB6 (sc) 0 2+ - - - - -
SmB6 (MV,TI) 0 ∼ 52 2.55+ Γ8(4) - - - -
a HFM = heavy-fermion metal; m = metal; sm = semimetal; sc = semiconductor; MV = mixed
valent; TI = topological insulator
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quantitative first principle results for CeB6 were presented recently
[41]. They demonstrate that quadrupolar and octupolar nearest-
neighbor (n.n.) interactions are maximally enhanced supporting
the parameterized form [42] used in the following sections. When
the k,q-dependent multipole matrix elements between conduction
band states are replaced by a constant their generalized RKKY
interaction is proportional (for every multipole) to the Lindhard
function χL(q) = ∑q( fk+q − fk)/(ek − ek+q) where ek and fk
are conduction band and Fermi function. For the FS topology of
Fig. 1.2 it has (sub-)maxima at the wave vectors Q‖ = ( 14
1
4 0) and
Q′ = ( 12
1
2
1
2 ), respectively due to various nesting properties of the
FS [43]. Indeed Q‖ is the in-plane component of most common
AFM structure (Fig. 1.4) in RB6 and Q′ is the HO wave vector
in CeB6.
1.2 Overview of RE-boride compounds
The RE borides, in particular hexaborides, have the advantageous
property of existing for almost the whole series of rare-earth atoms
within the same crystal structure, thus allowing for the study of
systematic variations in physical properties. These change greatly
due to the varying degree of localization or itineracy of 4 f electrons,
all the while the basic CEF multiplet states are the same due to the
universal cubic Oh point symmetry of this class. One can roughly
distinguish two cases:
First, the stable moment compounds where the hybridization
of well localized 4 f electrons and conduction electrons can be
treated perturbatively, leading to an on-site interaction with 4 f
multipoles in second order and to their inter-site effective RKKY
coupling in fourth order of the hybridization. These compounds
are listed in the central part of Table 1.2 with their salient ordering
characteristics.
In the second case the hybridization is strong (as in CeB6,
YbB12 and SmB6 compounds) and may destabilize the moment
by screening and formation of a local singlet state that forms
coherent heavy electron bands at low temperature, or, in the
large hybridization case, may lead to a mixed valent state
July 26, 2019 0:25 PSP Book - 9in x 6in Borides˙Thalmeier
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with pronounced non-integer 4 f -electron occupation. In both
instances a hybridization (pseudo-) gap in the renormalized
electron bands appears. Most frequently a metallic ground state
with moderately (MV) or strongly (HF) enhanced effective m∗
electron mass is realized as, e.g. in CeB6. The heavy electron liquid
may become instable at the lowest temperatures leading to HF
superconductivity as frequently in 122 and 115 Ce-compounds [44]
or to multipolar order as in CeB6. If the number of conduction
electrons is suitable the Fermi level may fall into the hybridization
gap producing a rare “MV semiconductor” or “Kondo insulator”
(Fig. 1.19). In the borides two famous hybridization gap insulators
are known: YbB12 and SmB6. In particular the latter has raised
enormous attention due to its nontrivial topological state. On
the other hand YbB6 is a conventional p-d semiconductor with
nonmagnetic Yb2+ state. The strong hybridization compounds
are the most investigated ones and will be the main focus of this
review.
Here, as an overview we first briefly discuss some salient
features of the stable moment compounds in Table 1.2. Among
the light rare earth, PrB6 and NdB6 are the most studied. Also their
CEF level schemes shown in Fig. 1.3 are well known [36, 45].
PrB6 with a Γ5 triplet ground state exhibits two consecutive first
order transitions to an incommensurate (IC) phase at TICN = 7 K
and a further lock-in transition to a magnetic C-phase with wave
vector Q = ( 14
1
4
1
2 ). The latter coexists with an induced AFQ order
presumably with Q = ( 12
1
2 0) below T
C
N = 4.2 K. These wave
vectors together with Q′ = ( 12
1
2
1
2 ) for HO characterize most of
the ordered structures in the hexaboride compounds and they are
related to the nesting structure of the Fermi surface (Fig. 1.2) that
translates into the preferred magnetic wave vectors via the RKKY
mechanism (Sec. 1.1.2). The ordered arrangements of moments are
illustrated in Fig. 1.4 (a–c). In zero field the magnetic structure is of
the noncollinear double-q type (a) which switches to single-q type
in applied field H ‖ [110] (c). The incommensurate structure with
wave vector ( 14−δ 14 12 ) is shown in (b). A theoretical investigation
for PrB6 has been presented in [47] based on the Γ5 CEF ground
state which carries 3 Γ−4 dipoles and 5 (Γ
+
3 , Γ
+
5 ) quadrupoles
(here ± denotes even/odd behaviour under time reversal). In
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1722 Shin-ichiro Kobayashi et al. (Vol. 70,
ing the magnetic field along the ⟨110⟩ direction in the
C phase, the collinear single-k AF magnetic structure is
realized above ∼2T, where the χ⊥ configuration is re-
alized as shown in Fig. 1(c).13) Hereafter, we define the
χ⊥ and χ∥ configurations as follows. The “χ⊥ configu-
ration” is used when the spin-canting state is realized by
the magnetic field, where the AF magnetic compoment
is perpendicular to the magnetic field. The “χ∥ config-
uration” is used when the AF magnetic state includes
the spin component parallel or antiparallel to the mag-
netic field. Our preliminary results of the longitudinal
and transverse magnetostriction in the C phase of PrB6
indicate that the crystal elongates along the ⟨110⟩ direc-
tion but shrinks along the ⟨110⟩ direction for H > 2T
under H ∥ ⟨110⟩, keeping the crystal volume nearly con-
stant.17,18) We also note that when the magnetic field is
applied along the ⟨001⟩ direction, the crystal elongates
along the ⟨110⟩ direction and shrinks along the ⟨110⟩ di-
rection above 3–4T, keeping the crystal volume nearly
constant. This suggests that the Oxy FQ order is in-
duced above 3–4T also under H ∥ ⟨001⟩. This suggests
that the Oxy AFQ ordered state at low manetic field
changes to the Oxy FQ ordered state above H ∼2T and
3–4T for H ∥ ⟨110⟩ and ⟨001⟩, respectively. It should be
also noted that the ordered moment of m0 = 1.2µB/Pr
is much smaller than 2µB/Pr expected for the Γ5 ground
state and the change ofm0 at the transition temperature
from the C to IC phase is small.13)
In order to clarify the origin of the complicated mag-
netic structures and the C-IC transition in PrB6, we have
performed the experiments of the specific heat, electri-
cal resistivity and the magnetization and obtained the
magnetic phase diagram. In this paper, we report these
results and discuss the origin of its unusual magnetic
phase diagram which is strongly anisotropic depending
on the applied field direction and the coexistence and
competition between the Oxy-type quadrupolar and AF
exchange interactions in this compound.
§2. Experimental Methods
The single crystal used in the present study was pre-
pared by a floating zone method in pressurized, high-
purity argon gas. The details of the sample preparation
are described in ref. 19. The specific heat was measured
by a conventional adiabatic heat pulse method above
1.8K in zero magnetic field. The electrical resistivity was
Fig. 1. Magnetic structure of PrB6 in (a) the noncollinear
double-k C AF magnetic phase, (b) the IC magnetic phase and
(c) the collinear single-k C AF magnetic state above H ∼2T for
H ∥ ⟨110⟩ cited from ref. 13.
measured by a conventional four probe low-frequency AC
method in magnetic fields up to 15T in High Field Lab.
in IMR, Tohoku University. The magnetization measure-
ments up to 14T above 4K were performed by using a
vibrating sample magnetometer in IMR, Tohoku Univer-
sity. In the measurements in magnetic fields, the applied
field direction was rotated in the {110} plane and the ro-
tating angle θ is defined as the angle between the ⟨001⟩
direction and that of the applied field in the {110} plane.
§3. Experimental Results
Figure 2 shows the temperature (T ) dependence of the
specific heat (C) of PrB6 in zero magnetic field. The T -
dependences of C/T and the entropy below 10K are also
shown in the insets of Fig. 2. Two sharp peaks are ob-
served in the specific heat at TIC and TN. The peak at
TN is much larger than that at TIC. This means that the
entropy change at the C-IC transition is small but that
at the transition from the IC to paramagnetic phase is
large. The small entropy change at TIC is because the
change of the magnitude of the magnetic moment at TIC
is small and only the spin reorientation takes place at this
transition.13) The entropy at TN is smaller than R ln 3 ex-
pected from the triplet ground state. This indicates the
existence of the short range order above TN, which was
previously suggested from the results of the spin-lattice
relaxation rate T−11 ,20) and the thermal conductivity.21)
Figure 3 shows the T -dependence of the inverse mag-
netic susceptibility (1/χ) of PrB6 measured at H = 1T
for H ∥ ⟨110⟩. The dash-dotted line exhibits the calcu-
lated result by taking into account only the crystalline
electric field level splitting determined by the neutron
scattering experiment.15) The dotted line is obtained by
shifting the dashed line along the T -axis by −36K. 1/χ
shows nearly a T -linear behavior at high temperatures
but shows a downward deviation below ∼150K as is ex-
pected from the crystalline electric field level scheme.15)
Below ∼80K, the experimental result shows the further
Fig. 2. Temperature dependence of the specific heat of PrB6 at
zero magnetic field. The inset shows the temperature depen-
dence of (a) C/T and (b) entropy of PrB6 below 10K.
J. Phys. Soc. Jpn.
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(a) (b) (c)
Figure 1.4 Magnetic structures of PrB6 and the H-T phase diagram.
(a) Double-q structure with Q1 = ( 14
1
4
1
2 ), Q2 = (
1
4
1¯
4
1
2 ) (b) IC structure
with QIC = ( 14−δ 14 12 ) (δ = 0.05) (c) single-q structure with Q = ( 14 14 12 )
in external field H ‖ [110]. (d) H-T phase diagram for H along symmetry
directions. Separate low and high field IC phases IC1 and IC2 are observed.
The C-phase has coexisting easy-plane magnetic and Oxy quadrupolar
order. Reproduced from Kobayashi et al. [46].
distinction to CeB6 (Sec. 1.3) the non-Kramers triplet carries no
octupoles. The presence of n.n. isotropic and next-nearest neighbor
(n.n.n.) pseudo-dipolar exchange interactions was proposed to
obtain the stability of the IC phase (although with a slightly
different wave vector QIC = ( 14−δ 14−δ 12 ) with δ = 0.16. The
transition to the primary IC phase is of second order whereas
the lower lock-in transition to the AFM C-phase is accompanied
by a secondary Oxy quadrupole HO at wave vector ( 12
1
2 0) and
therefore is of first order. The corresponding H – T phase diagram
of PrB6 is shown in [Fig. 1.4 (d)]. The transverse elastic constants
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c44 show a pronounced softening due to the Curie-Weiss type Γ+5
quadrupolar susceptibility resulting from the orbitally degenerate
Γ+5 CEF ground state [48]. The softening is arrested, however, at
the magnetic phase transition where the CEF ground state splits
due to the molecular field.
NdB6 has a quartet Γ
(2)
8 ground state similar to CeB6. The
observed high-field magnetization anisotropy M[100] < M[110] <
M[111] with [111] easy axis supports this CEF model [49]. But its
ordered magnetic structure is much simpler than the non-collinear
double-q structure of CeB6 (Sec. 1.4), corresponding to a collinear
single-q type-I AFM below TN = 8 K with Q = (00 12 ) which
implies three possible domains. The ordered moment is, however,
oriented along the fourfold [001] axis instead of the CEF [111] easy
axis. This has been attributed to a small ferro-type interaction
of O02 quadrupoles [50]. In high fields (∼ 20 T) along [111] an
unexpected metamagnetic transition to a non-collinear triple-q
magnetic structure with Q1 = ( 12 00), Q2 = (0
1
2 0), Q3 = (
1
2 00)
occurs which is stabilized by an interplay with induced triple-q
AFQ order Q′1 = (0
1
2
1
2 ), Q
′
2 = (
1
2 0
1
2 ), Q
′
3 = (
1
2
1
2 0) for Oyz, Ozx, Oxy
quadrupoles, respectively [49]. Therefore, although the Γ(2)8 ground
state of NdB6 does not lead to primary AFQ order as in phase II
of CeB6 (Sec. 1.3), the presence of Γ
(2)
8 -sustained quadrupoles and
their interactions shows a subtle influence on the low- and high-
field magnetic order of this compound. Similar to PrB6 the orbitally
degenerate Γ(2)8 causes a softening of c44 elastic constants which is
again arrested by the magnetic phase transition [48].
EuB6 is an outlier of the series in two aspects: Firstly it contains
europium in the half-filled 4 f 7 Eu2+ S-state ionic configuration
with J = 72 and hence has no CEF splitting. Secondly the main
interest in EuB6 does not stem from the 4 f electrons which
show simple bulk ferromagnetism below TC = 12.5 K due to
their S-state but rather from the peculiar transport properties of
conduction electrons. Since this is not the central focus here we
only comment briefly on it. The compound is a ferromagnetic,
partly spin-polarized semimetal with a small valence/conduction
band overlap for the majority band of order 0.5 eV at zero
temperature while the spin minority band is gapped by a similar
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amount. This leads to small majority spin electron pockets at the
X point [51]. When approaching TC from below the overlap of
majority bands and concomitantly the carrier density and plasma
frequency decrease [52]. This behaviour can be described by a
two-band Kondo lattice type model with FM/AFM coupling
[53]. Above TC ferromagnetic features remain due to a phase
separation into paramagnetic regime and percolating magnetic
polarons [54] that become isolated at the percolation temperature
TM = 15.5 K. At this temperature a cusp in the resistivity and giant
magnetoresistance are observed [55].
GdB6 and TbB6: In the center of the RB6 series we have
again a half-filled S-state ion Gd3+ with J = 72 as for Eu
2+ and
therefore no CEF splitting. The Tb3+ (J = 6) CEF ground state
should be a singlet (Table 1.2) as concluded from elastic constants
measurements [48]. Both compounds show a first order transition
to an AFM state with Q = ( 14
1
4
1
2 ). For GdB6 (TN = 15 K) the
moments are parallel to the 12 component of the ordering vector,
while they are perpendicular for TbB6 (TN = 21 K). The moments
are large and correspond to the expected value of 3+ ions
(Table 1.2). Therefore magnetoelastic effects are noticeable [56, 57]
and lead to various lattice distortions and concomitant superlattice
reflections. Recently is was observed that TbB6 shows an additional
ordering vector Q′‖ = (
1
4
1
4 0) [57].
DyB6 and HoB6: These heavy RE hexaborides are least
investigated. Therefore in both cases the CEF ground states of Dy3+
(J = 152 ) and Ho
3+ (J = 8) can only be conjectured (Table 1.2) from
specific heat, magnetization and elastic constant measurements
[58, 59]. In the latter a huge softening of transverse c44 elastic
constants is observed for both compounds. This means the CEF
ground state has orbital degeneracy leading to a Curie-Weiss-type
quadrupolar (q = 0) susceptibility for Γ = Γ+5 -type quadrupoles
(Oyz, Ozx, Oxy) [44]. At the ordering temperature (Table 1.2) these
quadrupoles acquire an expectation value as signature of a
ferroquadrupolar HO which splits the orbital degenerate ground
state and distorts the lattice . This is the well-known cooperative
Jahn-Teller (JT) effect. In this case we can denote THO = TQ
in Table 1.2 also as TJT because the driving mechanism is not
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Figure 1.5 (a) Transverse c44 elastic constant softening in HoB6 above the
JT transition at TQ(H). Reproduced from Goto et al. [58]. (b) Comparison
for H = 0 data with results from Eq. (1.2). Best fit for γ > 1 therefore HoB6
is a cooperative Jahn-Teller compound. The c44(t) for FQ case (γ < 1)
behaves qualitatively different, AFQ case with γ < 0 (similar to CeB6) is
shown for comparison. Here t = T/T∗Q with T
∗
Q = 5.1 K. c44 is normalized
at tm = 9.8.
primarily the intersite-coupling (g′Γ) of quadrupoles but rather
the linear magnetoelastic coupling (gΓ) of Γ = Γ+5 quadrupoles
to the trigonal Γ+5 -type homogeneous (q = 0) lattice strains eΓ5 =
(eyz, ezx, exy). The softening of the symmetry elastic constants
cΓ = c44 in HoB6 as a precursor to the JT transition is shown in
Fig. 1.5. Unlike in PrB6 and NdB6 it is not arrested by a preceding
magnetic transition. It is determined by the T-dependence of the
(q = 0) quadrupolar susceptibility χQΓ according to [44, 60, 61]
cΓ(T)
c0Γ
=
1− (g˜2Γ + g′Γ)χQΓ (T)
1− g′ΓχQΓ (T)
' T − T
∗
Q
T −ΘQΓ
=
t− 1
t− αΓ (1.2)
where g˜2Γ = g
2
Γ/(c
0
Γvc) with c
0
Γ and vc denoting the background
elastic constant and volume per RE ion, respectively. The
monotonic behaviour in Fig. 1.5 is dominated by the Curie
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Table 1.3 Magnetoelastic JT (gΓ5 ) and quadrupolar (g
′
Γ5
) coupling constants
from c44 (Γ5 symmetry) elastic constant measurements [48, 58]. Here γ < 0
corresponds to AFQ coupling, 0 < γ < 1 to FQ case and γ > 1 to dominant JT
coupling.
compound gΓ5 [K] g˜
2
Γ5
=
g2Γ5
c044Ωc
[K] g′Γ5 [K]
(a) γ =
g˜2Γ5
g′
Γ5
type
CeB6 190 0.078 -2.1 -0.037 AFQ
PrB6 200 0.093 -0.16 -0.58 AFQ
NdB6 83 0.016 0.032 0.50 FQ
DyB6 - - - 0.70 FQ
HoB6 - - - 1.43 JT
(a) In the convention of experimental literature g′Γ < 0 and g
′
Γ > 0 correspond to AFQ and FQ intersite
coupling, respectively. This is opposite to the conventions for zD = g′Γ5 in Secs. 1.3–1.5.
contribution∼ (mQΓ )2/T to the quadrupolar χQΓ (T) which can only
come from a degenerate Γ5 ground state. Then the approximation
in Eq. (1.2) holds where T∗Q = (m
Q
Γ )
2(g˜2Γ + g
′
Γ) is the quadrupolar
transition temperature, neglecting the effect of excited CEF states
(mQΓ is the quadrupolar ground state matrix element). It is
treated as a fitting parameter for elastic constants and may differ
somewhat from the real TQ where the specific heat jump occurs.
Furthermore ΘQΓ = αΓT
∗
Q with αΓ = (1 + γΓ)
−1, γΓ = g˜2Γ/g
′
Γ
and t = T/T∗Q denoting the reduced temperature. Here γΓ is the
ratio of magnetoelastic to intersite quadrupolar coupling which
determines the qualitative temperature dependence of cΓ(T) in
Fig. 1.5 (b). For γ < 1 when quadrupole interactions dominate
the T-dependence is mostly flat and then a sudden softening
occurs (FQ). When γ > 1 and magnetoelastic JT interaction
dominates the softening occurs over a large temperature range
above T∗Q. Fig. 1.5 (b) demonstrates that HoB6 is in the JT driven
regime of softening whereas all other hexaborides (Table 1.3) are
in the quadrupolar interaction dominated regime, in particular
CeB6. Thus elastic constant measurements can identify the driving
mechanism of quadrupolar order. In the AFQ case (g˜2Γ+ g
′
Γ < 0) no
softening occurs (in the approximate Eq. (1.2) minus signs will be
replaced by plus signs). Under applied field the softening around
TQ turns into a minimum that shifts to higher temperature in
Fig. 1.5 (a). Therefore TQ(H) increases with applied field. For DyB6
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the zero field behaviour is similar (although still γΓ < 1), but no
field-dependence of c44 is observed, indicating field-independent
TQ up to 8 T. Furthermore an additional AFM phase transition
appears at TN = 23 K < TQ, again with the canonical Q = ( 14
1
4
1
2 )
ordering wave vector. From the interpretation of thermodynamic
measurements [59] it was concluded that the order parameters are
carried by a Γ(1)8 (0) quartet ground state and a closeby Γ7 (9 K)
doublet. A total splitting of the five multiplets of ∼160 K was
proposed although no spectroscopic confirmation of the level
scheme exists to date.
ErB6 and TmB6 heavy rare earth-hexaborides have not been
successfully synthesized [23] and may not be stable, presumably
due to the small radius of their heavy 3+ ions.
YbB6 is the last in the hexaboride series and has been one of
the most controversial. For a while it was thought it might be a
topologically nontrivial material similar to SmB6 but recent ARPES
experiments [62] for the non-polar [110] surface have established a
different picture: The binding energy of the 4f7/2 state is quite large,
about 1 eV (Fig.1.2). Therefore the stable purely divalent Yb2+ 4f
ground state is realized like Eu2+ in EuB6. Hence there is no band
crossing with 5d states. The latter exhibit a semiconducting gap ∼
0.3 eV with respect to the lower B 2p states. Therefore the electronic
structure (schematically shown in Fig. 1.2) is reminiscent of EuB6
except that there is no magnetic order in YbB6 and hence no overlap
of spin-split bands, consequently it stays semiconducting. Under
pressure, however, the 2p and 5d bands overlap transforming YbB6
into a slightly mixed valent semimetal [62]. The ambient-pressure
semiconductor may exhibit band bending effects and therefore
2D confined surface states can exist which has led to previous
misguided conclusions on the electronic structure.
After this brief survey of RB6 materials with stable magnetic
moments we turn now to species with larger 5d-4 f hybridization
which show either Kondo-lattice heavy-fermion behaviour with
hidden multipolar order like CeB6 and its La diluted alloys or are
Kondo insulators like YbB12 or strongly non-integer mixed valent
semiconductors with topological order like SmB6.
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1.3 Multipolar hidden order in CeB6 in the localized
4 f scenario
The high degeneracy and strong Coulomb repulsion of f -
electrons in lanthanide and actinide compounds can lead to exotic
quantum matter states at low temperatures [1, 17, 64, 65]. The
hybridization of valence (conduction) electrons with strongly
correlated f electrons may result in the formation of heavy-fermion
metals with quasiparticles that have large effective masses and
opening of hybridization gaps that can lead to Kondo insulator
state. This is most frequently observed in intermetallic Ce or
Yb compounds which commonly have one 4 f electron or hole
state with orbital energy e f not too far below the Fermi level
and having considerable hybridization with conduction bands.
Furthermore, at even lower temperatures, broken symmetry
phases (usually magnetic or superconducting) appear, driven by
J. Phys. Soc. Jpn.
Downloaded from journals.jps.jp by Max Planck Digital Libr MPDL on 02/14/19
II
2-q
1-q
domains
AFQAFM
para
Figure 1.6 Low-field phase diagram of CeB6 as obtained by tracking
elastic constant anomalies. Ordering wave vectors are AFQ (II): Q′ =
( 12
1
2
1
2 ); AFM double-q (III) Q1 = (
1
4
1
4
1
2 ); Q2 = (
1
4
1
4
1
2 ) [structure of
Fig. 1.4 (a)]. Below the lowest line H < 5 kOe, domain formation occurs
(10 kOe = 1 T). Adapted from Nakamura et al. [63].
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residual quasiparticle interactions [65, 66]. Of particular interest
are the ’hidden order’ (HO) phases introduced before.
By various combinations of experimental methods (Sec. 1.1),
the most detailed understanding of HO has been achieved for
the cubic heavy-fermion compound CeB6. It exhibits a second
order transition at TQ = 3.3 K from paramagnetic phase I into
a HO phase II and then into coexisting AFM phase III at the
lower Ne´el temperature TN = 2.3 K (Fig. 1.6). In zero field the
HO phase II does not lead to any new Bragg peaks in x-ray or
neutron diffraction. The field dependence of TQ(H) has a large
positive slope leading to an exceptional increase up to TQ = 10 K
at H = 35 T. The compound is a prominent model system for HO
because of the simplicity of 4 f states in that case. The Oh symmetry
(Fig. 1.1) leads to a cubic CEF which splits the six J = 52 Ce
3+(4 f 1)
states into a Γ8 ground state quartet and highly excited Γ7 doublet
at ∼530 K [36, 67–69] (see Fig. 1.3), which may be neglected for all
low-temperature phenomena. The quartet ground state is explicitly
given by
|+ ↑〉 =
√
5
6 |+ 52 〉+
√
1
6 | − 32 〉; |− ↑〉 = |+ 12 〉,
|+ ↓〉 =
√
5
6 | − 52 〉+
√
1
6 |+ 32 〉; |− ↓〉 = |− 12 〉.
(1.3)
This may be thought of consisting of two orbitally inequivalent
Kramers doublets with symmetry Γ7 (left part) and Γ6 (right
part) that are forced into one quartet representation by the cubic
symmetry. Therefore it is suggestive to interpret σz =↑, ↓ as
Kramers pseudo spin of each doublet and τz = ± as orbital
pseudo spin that distinguishes the two doublets [70]. This may be
formalized by introducing the representations for the two pseudo-
spins τ and σ defined by
τ =
1
2 ∑
ττ′σ
f †τσρτ,τ′ fτ′σ; σ =
1
2 ∑
τσσ′
f †τσρσ,σ′ fτσ′ (1.4)
Here ρ = (ρx, ρy, ρz) denotes the set of Pauli matrices. The f †τσ
one-electron fermion operators create the CEF states in Eq. (1.3)
according to |τσ〉 = f †τσ|0〉 with |0〉 denoting the empty 4 f 0 state.
July 26, 2019 0:25 PSP Book - 9in x 6in Borides˙Thalmeier
Multipolar hidden order in CeB6 in the localized 4 f scenario 19
1.3.1 Pseudo-spin representation of Γ8-quartet multipoles
The 4 f electrons with orbital angular momentum l = 3 are
arranged in a shell with orbital, spin and total angular momenta
(L, S, J) according to Hund’s rules. For Ce3+(4 f 1) and Yb3+(4 f 13)
they are equal to single electron or hole quantum numbers,
respectively. The charge density and moment density operators of
the 4 f shell may be expanded in terms of multipole basis functions
consisting of polynomials with rank p ≤ 2l associated with specific
representations of the RE site symmetry. Their expectation values
in a given 4 f state (e.g. the CEF ground state) correspond to the
classical electrostatic and magnetostatic multipoles, as discussed
extensively in [1]. With the help of the Wigner-Eckhard theorem for
the states with total angular momentum J the multipole operators
of rank p may be expressed as combinations of polynomials in
Pp(Jx, Jy, Jz) of rank p belonging to cubic representation (Γγ) by
using the Stevens operator technique [31]. Some of these operators
up to rank 3 (octupoles) are listed in Table 1.4 and the symmetry
Table 1.4 Representations of 9 of the 15 multipoles of
Γ8 quartet: Stevens notation using total angular momentum
J components or components of pseudospins σ, τ . The
components of the total angular momentum are the linear
combination Jα = ∑n λnαXn where coefficients λnα can be read off
in the last column. In the last row symmetrization (summation
over all permutations of x, y, z) is denoted by a bar.
Oh multipolea rank Stevens notation pseudo-spin form
(degeneracy) p Jα , (α = x, y, z) σα , τα
Γ−4 (3) 1 (d) Jx
7
6 [σx +
2
7 (−τzσx +
√
3τxσx)]
Jy 76 [σy +
2
7 (−τzσy −
√
3τxσy)]
Jz 76 [σz +
2
7 (2τzσz)]
Γ+3 (2) 2 (q) O
0
2 =
1
2 (2J
2
z − J2x − J2y ) τz = 18 O02
O22 =
√
3
2 (J
2
x − J2y ) τx = 18 O22
Γ+5 (3) 2 (q) Oyz =
√
3
2 (Jy Jz + Jz Jy) τyσx =
1
4 Oyz
Ozx =
√
3
2 (Jz Jx + Jx Jz) τyσy =
1
4 Ozx
Oxy =
√
3
2 (Jx Jy + Jy Jx) τyσz =
1
4 Oxy
Γ−2 (1) 3 (o) Txyz =
√
15
6 Jx Jy Jz τy =
√
5
45 Txyz
ad = dipole, q = quadrupole, o = octupole.
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Jz Txyz O20 Oxy
Figure 1.7 Selected multipoles of Γ8 quartet (degeneracy in parentheses):
Dipolar Jz (Γ−4 (3), rank 1), quadrupolar O
0
2 (Γ
+
3 (2), rank 2), Oxy (Γ
+
5 (3),
rank 2) and octupolar Txyz (Γ−2 (1), rank 3. Red/blue denote opposite
signs of 4 f spin density and green/magenta opposite signs of 4 f charge
densities.
of the corresponding real-space tesseral harmonics [31] in (x, y, z)
cartesian coordinates is shown in Fig. 1.7.
If we restrict further to the Γ8 ground state in CeB6 the
polynomials Pp(Jx, Jy, Jz) may be mapped to the pseudospin
algebra defined above by comparing their matrix elements within
the quartet [11, 70]. The complete set of Γ8 multipole operators in
pseudospin basis is given by
{Xn} = {σα, τα, σατβ} (1.5)
with n = 1− 15 and α, β = x, y, z. They constitute a basis set for the
fifteen multipole moments, acting in the space of Γ8 quartet states.
The multipoles transforming as cubic representations in Table 1.4
are then generally linear combinations of the Xn, e.g. Jα = ∑n λnαXn
where the λnα may be read off from Table 1.4.
1.3.2 Multipole interaction model and symmetry
breakings
In the intermetallic RE compounds the small hybridization with
conduction electrons leads to effective inter-site interactions
between the multipoles on neighboring lattice sites. Those between
the dipoles (rank 1) are commonly known as RKKY interactions,
but the concept may also be extended to higher-rank multipoles
[37, 38, 42] (Sec.1.1.2). In the same way as the RKKY terms lead
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to magnetic ordering of dipolar moments J at low temperature
they may also induce ’hidden order’ (HO) of multipoles with
rank p > 1. The pseudo spin representation for CeB6 has been
proposed [70] and investigated in detail with respect to possible
multipolar HO and excitations [11, 71, 72]. A model Hamiltonian
describing the effective intersite coupling of Γ8 multipoles may be
written as
H = D∑
〈ij〉
[(τi · τj) + (σi · σj) + 4(τi · τj)(σi · σj) + (1.6)
+eQ4τ
y
i τ
y
j (σi · σj) + eOτ
y
i τ
y
j ]−
7
6
gµB∑
i
(σi +
2
7
ηi) ·H
where we introduced the multipole vector (cf. Table 1.4) η =
(−τzσx +
√
3τxσx,−τzσy −
√
3τxσy, 2τzσz) as an abbreviation. The
first three terms describe a SU(4) ’supersymmetric’ n.n. intersite
interaction on the simple cubic lattice (sites i, j) of strength
D (coordination z = 6) which has no bias for any of the
fifteen multipoles as primary order parameter. The following two
terms express the symmetry breaking that favors quadrupolar
or octupolar order depending on the size of the parameters
 = (eQ, eO). They correspond to Γ+5 -type quadrupoles and Γ
−
2
type octupole, respectively. This preference is concluded from the
experimental evidence discussed below and from derivation of the
effectiveH from a more fundamental Anderson-type Hamiltonian
[41, 42]. The ± sign denotes even/odd behaviour under time
reversal, i.e. the quadrupole corresponds to a charge and the
octupole to a magnetic moment distribution (Fig. 1.7), in both
cases with zero net charge or moment and therefore ‘’hidden”. The
last term is the Zeeman energy in pseudospin representation.
1.3.3 Experimental identification of multipolar order
parameters
In this section we present to some detail various experimental
evidence to unravel the nature of HO in CeB6, i.e. to identify
which multipoles appear as order parameters below the transition
temperature TQ. Firstly it was observed that on approaching TQ
from above certain elastic constants exhibit typical small anomalies,
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although no real softening [48]. This already indicated that the
primary order should be of the quadrupolar kind but not of the
ferro-type. Therefore the starting point of the model in Eq. (1.7)
is appropriate. More direct evidence for the nature of HO comes
from the following investigations:
a) Anisotropy and slope of critical field curves
The most striking property of TQ(H) is a very large positive
slope of (dTQ(H)/dH)0 = 0.84 K/T (Fig. 1.8). To understand this
exceptional B-T HO phase boundary a mean-field analysis of the
model is required [11]. Since we restrict to n.n. interactions and the
quadrupolar order should not be of ferro type we start from a two
sublattice s = A, B, (s¯ = B, A) structure for the mean-field version
of Eq. (1.7):
Hmf = − ∑
s,i∈s¯
hns Xˆ
n
is¯ − NE(h), (1.7)
where
hns = h
n − 2zDΛ(n)xns ; E(h) = 2Dzxa ·Λ · xb,
Figure 1.8 (a) High-field anisotropy of critical fields of AFQ phase II for
symmetry directions using 1/d expansion and compared to moderate field
experiments (circles). At low fields critical field curves become isotropic
in this method. Reproduced from Shiina et al. [73]. (b) Experimental [001]
high field results. Inset shows quadratic fit that suggests a maximum
critical field Hc(0) = 80 T. Reproduced from Goodrich et al. [74].
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and xs = 〈Xs〉 is the mean-field value of the multipole vector
X = {Xn}. It is also useful to define staggered xs = 12 (xA − xB)
and uniform x f = 12 (xA + xB) order parameters. Furthermore we
define the interaction model by setting Λ(n, n′) = Λ(n)δn,n′ with
Λ(5) = 1+ eO (Γ−2 octupole),Λ(8− 10) = 1+ eQ (Γ+5 quadrupole)
and Λ(n) = 1 else (all other multipoles). This singles out Γ+5 and
Γ−2 as preferred HO parameters in accordance with experiments
discussed below. The components of the field vector h = (hn, n =
1− 15) can be read off by comparison with the last term in Eq. (1.7).
The mean-field Hamiltonian for A, B is a 4 × 4 matrix
in the quartet space. Its diagonalization leads to new split
eigenstates (Fig. 1.15) from which the free energy may be obtained
and minimized. For any field strength and direction the order
parameters are then obtained. By the above choice of interaction
the primary hidden order parameter is the threefold degenerate
Γ+5 (Oyz, Ozx, Oxy)s ≡ 4(τyσx, τyσy, τyσz)s at the staggered wave
vector Q′ = ( 12
1
2
1
2 ) in r.l.u.
2pi
a . The field dependent transition
temperature TQ(H) is then obtained from the vanishing AFQ order,
it is shown in Fig. 1.9. The transition temperature has a reentrant
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Figure 1.9 Mean field TQ with (eQ, eO) = (0.2, 0.0) for magnetic fields
along high symmetry axes (from [75]). The field direction along [110]
is given by the dashed line. The field and temperature are scaled by
T0(= 2Dz), the zero field TQ for eQ = eO = 0.
July 26, 2019 0:25 PSP Book - 9in x 6in Borides˙Thalmeier
24 Multipolar order and excitations in rare-earth boride Kondo systems
Figure 1.10 (a) Staggered primary (quadrupolar qs) order parameter at a
fixed temperature T = 0.5 as function of the magnetic fields along high
symmetry axes. qs is scaled with the saturated value. The same scale for
the field and the temperature is used as Fig. 1.9. (b) Secondary (octupolar
os and dipolar ds) order parameter as a function of the magnetic fields
(from [75]). os is scaled with the saturated value, whereas ds is not scaled.
The dashed lines in both figures are given by [110] field. For [001] field ds
is not induced. See also Table 1.5 for the detailed components.
field dependence for all field directions. The strong increase of
TQ(H) in Fig. 1.9 up to intermediate fields has a simple origin
in this model: For finite field, the octupolar staggered order is
rapidly induced as secondary order parameter to its saturation
value (Fig. 1.10). This stabilizes the AFQ phase and therefore leads
to considerable increase in TQ(H). It should be noted that TQ is
affected also by the direction of the field; TQ[111] and TQ[110] are
much more enhanced than TQ[001] in high fields, originating from
the anisotropic magnetization in the Γ8 basis. This characteristic
anisotropy is actually observed in the La-diluted system [76, 77].
On the other hand, the mean-field treatment has a deficiency as
well: At zero field, due to the threefold degeneracy of the Γ+5
order parameter, fluctuations will be important and suppress
TmfQ (0) to the value T
exp
Q (0) = 3.3 K. Therefore the observed
increase of TexpQ (H) starting from the zero field value up to the
maximum TexpQ (Hmax) = 10 K at Hmax = 35 T will be even
larger than predicted by the mean-field theory. This is shown
in the experimental high-field phase diagram of Fig. 1.8. In fact,
one can easily show that there is no chance for the mean-field
TQ(H) to go beyond twice of the zero-field TQ, irrespective of
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(eQ, eO). To improve the situation the contribution of thermal
multipole fluctuations have been considered in low-field [78]
and high field case [73] using a 1/d expansion in the spatial
dimension d. The results in Fig. 1.8 (a) which globally compares
better with the experimental curve in Fig. 1.8 (b). However in such
expansion around the isotropic infinite dimensional limit the low
field anisotropy information of TQ(H) is lost.
b) Neutron diffraction in an applied magnetic field
This method gave the first clue on the symmetry of the
quadrupolar HO [3, 79]. Application of magnetic field along a
symmetry direction, i.e. [001], [110], [111] reduces the symmetry
group to lower than cubic. This has two effects: i) It selects a
coherent superposition of the threefold degenerate primary HO
representation Γ+5 that depends on field direction. (third row in
Table 1.5 corresponds to experimental choice [1¯10]). For a general
field direction with unit vector (αβγ), the primary AFQ HO
corresponds to αOyz + βOzx + γOxy ii) Previously different (Oh)
representations may become mixed for finite field, leading to an
’induced’ secondary order parameter with the same wave vector Q’
whose amplitude becomes nonzero for finite field, in particular the
dipole J and octupole Txyz. The homogeneous applied field breaks
time reversal but preserves translational symmetry. Therefore,
although the order parameter representations become mixed
and further secondary components with opposite time reversal
symmetry are induced, their wave vector is identical to that of the
primary order. Starting from the primary AFQ
[
Γ+5 ,Q
′ = ( 12
1
2
1
2 )
]
Table 1.5 lists the possible induced order for field along symmetry
directions. The octupole Txyz is induced for all directions which
explains the near isotropic enhancement of TQ(H). In particular it
is seen that for H along [1¯10] a staggered dipolar moment along
[001] will be induced. This configuration corresponds to the ND
experiment in [3, 79] (third row in Table 1.5) and leads to the
observation of induced magnetic Bragg peaks from Jz at Q’. Then,
in reverse this observation may be interpreted as evidence for the
underlying primary quadrupolar Oyz −Ozx order.
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Table 1.5 Primary quadrupolar (q) Γ+5 order induces secondary
(d,o) order parameters of odd time reversal symmetry, depending
onH direction. All order parameters are staggered with wave vector
Q′( 12
1
2
1
2 ). Secondary induced moments (d) appear as AFM Bragg
peaks at Q’.
H direction a primary Γ+5 (q) induced Γ
−
4 (d) induced Γ
−
2 (o) symmetry
[001] Oxy - Txyz C4v
[110] Oyz +Ozx Jz Txyz C2v
[1¯10] Oyz −Ozx Jz Txyz C2v
[111] Oyz +Ozx +Oxy Jx + Jy + Jz Txyz C3v
a The field selects a combination from the triply degenerate Γ+5 manifold. For general
field direction with unit vector (αβγ) the linear combination αOyz + βOzx + γOxy is
selected.
c) NMR experiments
The dependence of NMR resonance lines of nuclear moments
on applied field strength and direction contains important
information on the underlying polarization of electronic magnetic
moments, imprinted by the hyperfine interaction between the
two types of moments. In this way analysis of NMR splittings as
function of field strength and angle was used to infer the magnetic
structure of induced moments in phase II of CeB6 [10]. Surprisingly
the deduced structure did not agree with the structure obtained
from ND results in a magnetic field [3,79]. In particular NMR lines
of the 11B nucleus (site 3 in Figs. 1.1 and 1.11) show a clear splitting
even when the field is oriented along the [001] direction. Now from
Table 1.5 one observes that no dipolar moment Jz is induced in this
case. Assuming the standard hyperfine interaction where nuclear
moments Iz interact only with 4 f magnetic dipole moments Jz
one must conclude that there should be no NMR splitting for
H ‖ [001] under the assumption of an underlying AFQ structure as
determined by ND, in clear contradiction to the observation [10].
This discrepancy was solved by Shiina et al. [11,75] who showed
that the local symmetry at the boron sites allows for a more general
hyperfine interaction that couples the nuclear spin I not only to the
4 f dipolar moment but also to the octupolar moments. A simplified
version 1 of the hyperfine Hamiltonian at the inequivalent 11B-sites
1there are further contribution due to other induced octupoles [11, 75]
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Figure 1.11 NMR splittings ∆h f1,3(θ) at inequivalent
11B sites 1, 3 (see unit
cell). Circles are experimental data from [10]. Full line: model calculation
with Eq. (1.8). Broken line: octupolar part only. The values are normalized
to ∆h f3 (0) (from [75]).
(1, 3 in Fig. 1.1) is then given by
Hh f1 = a1 Ix T˜xyz − b1
[
Iy J˜z(Q′) + Iz J˜y(Q′)
]
,
Hh f3 = a3 IzT˜xyz − b3
[
Ix J˜y(Q′) + Iy J˜x(Q′)
]
.
(1.8)
Here the tilde denotes operators normalized to their maximum
value and a1,3, b1,3 are hyperfine coupling constants of 4 f octupole
and dipole moments for the two 11B-sites, respectively. The field is
rotated in the diagonal plane containing [001], [111], [110] axes with
θ denoting the angle from [001]. Since the 4 f Zeeman energy scale
is much larger than the hyperfine energies, i.e. gJµBH  a1,3, b1,3
the nuclear spins may simply be replaced by a classical vector that
rotates with the field:
I =
I√
2
(sin θ, sin θ,
√
2 cos θ). (1.9)
Inserting this in Eq. (1.8) and using the mean-field solution for
〈Jx〉, 〈Jy〉 and 〈Txyz〉 leads to field-angle dependent hyperfine
splittings ∆h f1,3 of inequivalent
11B sites that are shown in Fig. 1.11.
Most importantly the ∆h f3 does not vanish for θ = 0 due to the
octupolar contribution in Eq. (1.8), in agreement with experiment.
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This resolves the discrepancy with ND results. In fact the two
methods are complementary: while ND determined the underlying
AFQ structure via the induced magnetic dipoles, NMR identifies
the existence of an induced strong octupolar component that was
indirectly also inferred from the large positive slope of the critical
field of phase II.
d) Resonant x-ray diffraction (RXD) results
Although the previous methods concluded the existence and
symmetry of HO from indirect evidence and its analysis, it
would be reassuring to find direct evidence for quadrupoles
and octupoles. In fact the more recent method of resonant x-ray
diffraction is a useful new method to observe multipoles up to
fourth rank [80] directly. In CeB6 this has been carried out using
the signals from (optical) dipolar E1 (2p3/2 → 5d) and (optical)
quadrupolar E2 (2p3/2 → 4 f ) resonance transitions around the
L3 absorption edge. The transitions at ω1 = 5724 eV and at
ω2 = 5718 eV differ by ∆ω = 6 eV due to the larger binding
energy of 4 f states and their line shapes overlap. The total intensity
is given by I(ω, H) = |FE1(ω, H) + FE2(ω, H)|2 where FE1, FE2 are
the complex amplitudes for each process and H is the applied
magnetic field (along the [1¯11] direction). These amplitudes contain
contributions from electronic multipoles up to rank 2 (E1) and up
to rank 4 (E2). To disentangle them the magnetic field reversal is
an essential tool because the even and odd rank contributions in
FE1, FE2 behave even and odd under field reversal. Let us define
the average and difference intensities with respect to field reversal
H → −H by Iav(ω, H) = 12 [I(ω, H) + I(ω,−H)] and ∆I(ω, H) =
1
2 [I(ω, H) − I(ω,−H)]. From this approximate multipole order
parameters may be extracted as [81]
primary (q): 〈Oyz −Ozx〉H ∼
√
Iav(ω1, H);
induced (d): 〈Jz〉H ∼ ∆I(ω1)/
√
Iav(ω1, H);
induced (o): 〈Txyz〉H ∼ ∆I(ω2)/
√
Iav(ω1, H).
(1.10)
They are shown in Fig. 1.12. The induced dipole agrees with the ND
results (dashed line), and the field dependencies of all moments are
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P
(3)
E2,1 for ⟨Txyz⟩. Therefore, the contribution to the intensity
from ⟨T αz ⟩ can be neglected.
The fitting results are plotted by the lines in Fig. 8. Both
Iave(ω) and#I (ω) can well be explained by properly choosing
the Z parameters. Since the original spectral functions in
Ref. 34 do not intend the best fit to the experimental data,
there remain differences in the resonance energy and the width.
But this is a trivial matter which does not affect our analysis.
A few points should be noted. First, the rank-4 contribution
to the spectrum was found to be negligibly small. The fitted
spectrum hardly depends on Z(4)E2. This means that we cannot
deduce Z(4)E2 properly. Therefore, in the fitting procedure, Z
(4)
E2
was fixed to a value that was reasonably expected from the
mean-field calculation. Second, the (Z(2)E1)2 term accounts for
more than 98% of I aveE1E1, whereas the (Z(1)E1)2 term less than
2%. This shows that the E1 resonance reflects almost only
the AFQ moment. Third, among the four terms of #IE1E2 in
Eq. (A8), the Z(2)E1Z(3)E2 term accounts for more than 95% of the
total. In the same manner, the Z(2)E2Z
(3)
E2 term accounts for more
than 98% of #IE2E2.
Therefore, the following approximations are justified:
Iave(ω1) ≈
∣∣α(2)E1(ω1)∣∣2(Z(2)E1)2, (2)
#I (ω1) ≈ 2Im
{
α
∗(1)
E1 (ω1)α(2)E1(ω1)
}
Z
(1)
E1Z
(2)
E1, (3)
#I (ω2) ≈ −2Im
{
α
∗(2)
E1 (ω2)α(3)E2(ω2)
}
Z
(2)
E1Z
(3)
E2
− 2Im{α∗(2)E2 (ω2)α(3)E2(ω2)}Z(2)E2Z(3)E2, (4)
FIG. 9. (Color online) Top: Magnetic-field dependence of the
E2 (left) and E1 (right) resonance intensity. Bottom: Average
(I+H + I−H )/2 (filled circles) and difference (I+H − I−H )/2 (open
circles) components of the intensity for the E2 (left) and E1 (right)
resonances. The jump in intensity at H = 0.1 T corresponds to the
transition from the three-domain state to the single-domain state
described in Sec. III A.
FIG. 10. (Color online) Magnetic-field dependencies of the
antiferro-type multipole order parameters of CeB6 for H ∥ [¯1 1 0] in
the AFQ phase at 2.5 K. The dashed line shows the field dependence of
the dipole moment measured by neutron diffraction (Ref. 41) whose
absolute value was deduced from the NMR analysis (Ref. 23). The
solid lines for quadrupole and octupole moments are guides for the
eyes.
where ω1 = 5.724 keV and ω2 = 5.718 keV. There-
fore,
√
Iave(ω1) is proportional to ⟨Oyz −Ozx⟩ and
#I (ω1)/
√
Iave(ω1) is proportional to ⟨Jz⟩. Since Z(2)E2 is
proportional to Z(2)E1, and over 98% of Z
(3)
E2 arises from⟨Txyz⟩ because of the dominant P factor,#I (ω2)/√Iave(ω1) is
proportional to ⟨Txyz⟩. Figure 9 shows the experimental results,
from which these treatments are performed. The procedure is
the same as in Ref. 31, but the field range is extended to±6 T.
Figure 10 shows the field dependencies of the multipole
order parameters obtained by the above procedure. The scale
is arbitrary. With respect to the dipole moment, the absolute
antiferromagnetic moment obtained from neutron diffraction
and NMR analyses are plotted on an absolute scale.23,41 The
data points of ⟨Jz⟩ seem to follow this curve.
FIG. 11. (Color online) X-ray energy spectra at H = ±5 T and
ψ = 90◦ for π -σ ′ and π -π ′ after the absorption correction.
174417-5
Figure 1.12 Magn tic field d pendence f the p imary quadrupole
HO 〈Oyz − Ozx〉 nd induced secondary dipolar 〈Jz〉 and ctupolar
〈Txyz〉 for [1¯10] field direction. Symbols: RXD, dashed line: from ND
experiments, full lines: guide to the eye. The momentum transfer is
( 32 ,
3
2 ,
1
2 ) corresponding to Q’ HO vector. Reproduced from Matsumura et
al. [81].
qualitatively consistent with the theoretical results in Fig. 1.10. The
primary quadrupole 〈Oyz −Ozx〉H obtained from RXD in Fig. 1.12
(upper curve) shows considerable H depende much larger
than predicted by the mean-field calculation (Fig. 1.10). Again
this is due to the neglect of fluctuations. Just as they suppress the
experimental value of TexpQ (0) by a factor of two, they also suppress
the size of the primary order parameter by a large factor (∼ 1.5)
as compared to the mean-fi ld predictio . At considerab y larger
field they approach each other. The octupole has a pronounced
convex bending which is a signature of the strong octupolar
interactio . In fact, it i confirmed experimentally by investigating
the dependence of the octupole-quadrupol ratio on the uniform
magnetization. According to the theoretical study, this ratio is quite
sensitive to the octupole interaction strength, irrespective of the
fluctuation effect [78].
In summary, the conclusion from critical field anisotropy
[11], field-induced neutron diffraction [3], NMR results [75],
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and resonant x-ray scattering [6] indicate that HO may be well
described as a primary antiferroquadrupole Γ+5 order with wave
vector Q′ = ( 12
1
2
1
2 ) and a secondary strongly field induced
octupolar Γ−2 order parameter in addition to a smaller induced
dipole component, both at the same wave vector Q’. Semi-
quantitative agreement with experiments may be achieved by
choosing  = (0.5, 0.5) [72] in the localized multipolar model of
Eq. (1.7) and this should be considered as an appropriate set for
CeB6.
1.4 The octupolar HO phase IV in diluted Ce1−xLaxB6
In the stoichiometric RB6 compounds the 4 f element may easily
be replaced by other rare earth species. The most interesting case
is perhaps the series Ce1−xLaxB6 (0 ≤ x ≤ 1) where the magnetic
Ce3+ sublattice is progressively diluted with nonmagnetic La3+
which has no 4 f -electrons. This will have two main consequences:
Firstly the inter-site multipole interactions will be progressively
weakened [82] suppressing the tendency to multipolar order.
Secondly the coherent heavy-fermion quasiparticle bands that
exist for x ' 1 will gradually become site-incoherent and turn
into narrow localized Kondo-resonance states. This can in fact be
directly inferred from the change of resistivity ρ(T) from correlated
metal A + BT2 behaviour to saturated unitary Kondo impurity
resistivity at low temperatures [83]. In the present context we
focus on the evolution of the hidden order phase diagram with
x. When the distance between the 4 f multipoles of Ce becomes
larger and their interactions are reduced one has to ask how
long the AFQ order will last. Simply extrapolating the mean-field
solution of the concentrated compound does not give the correct
answer. Because of the additional non-Kramers degeneracy of
the Γ8 ground state (expressed by τ ) the single ion quadrupolar
susceptibility χQ
Γ+5
(T) [Eq. (1.2)] has a Curie divergence ∼ 1/T for
low T [44]. Therefore the mean-field approach would lead to a
quadrupolar phase transition for an arbitrary dilute compound,
although TmfQ (x) would approach zero for vanishing x. This is not
the case and something rather more interesting is observed: The
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(zero-field) AFQ order vanishes rather rapidly with doping, and
by x ≤ 0.8 is already replaced by a different phase IV. Its nature
has been investigated as intensely as that of the parent compound.
1.4.1 Phase diagram and evidence for primary octupolar
order
An example of the global low-field phase diagram of Ce1−xLaxB6
(x = 0.23) as obtained from magnetocaloric investigations [84]
is shown in Fig. 1.13 together with the x-T phase diagram [85].
Similar results were obtained from transport and magnetization
experiments [86, 87] and earlier from ultrasonic measurements
[88, 89]. These and other macroscopic analysis suggested the
following basic properties of phase IV below TIV ' 1.6 K: Contrary
to phase II of CeB6 at TQ, a large specific heat jump is observed at
TIV. This indicates that the degeneracy of localized quartet states
is completely lifted, different from AFQ order in phase II where
a twofold Kramers degeneracy remains in zero field (Fig. 1.15).
Furthermore RXS gave clear evidence for a homogeneous (q = 0)
trigonal lattice distortion in phase IV along [111] direction while
Figure 1.13 (a) B-T phase diagram of Ce1−xLaxB6 for x = 0.23 which
shows the new antiferro-octupolar phase IV corner below TIV = 1.6 K.
AFQ phase II is no longer present for zero field. Reproduced from Jang
et al. [84]. (b) x-T phase diagram for phases I (para), phase II (AFQ), phase
III (AFM) and phase IV (AFO). Reproduced from Tayama et al. [85].
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Table 1.6 Octupolar order parameters for the phase IV, which is of
antiferro-type with wave vector Q’. Secondary ferro-type quadrupolar order
is induced already in zero field. The bar denotes symmetrization (summation
over all permutations of x, y, z).
Oh multipole rank Stevens notation pseudo spin form induced quadrupole
(degeneracy) p Jα , (α = x, y, z) σα , τα rank 2, Γ+5 (3)
Γ−5 (3) 3 (o) T
β
x =
√
15
6 (Jx J
2
y − J2z Jx) 30√5 (−
√
3τzσx − τxσx) Oyz
Tβy =
√
15
6 (Jy J
2
z − J2x Jy) 30√5 (−
√
3τzσy − τxσy) Ozx
Tβz =
√
15
6 (Jz J
2
x − J2y Jz) 30√5 2τxσz Oxy
none was observed in phase II (because the quadrupoles have a
staggered order). In addition NMR and µSR experiments show the
existence of an internal field below TIV. Therefore phase IV breaks
cubic crystal symmetry as well as time reversal symmetry. This
requires a primary octupole order parameter belonging to Γ−5 as
only plausible candidate [17, 90]. Irrespective of its translational
character it will always induce a ferro-type quadrupole as
secondary order parameter, already at zero field. This explains
nicely the strong softening of elastic constants due to strain-
quadrupole coupling immediately below TIV [90]. The octupole
order parameter of this symmetry and its induced quadrupoles
are given in Table 1.6.
In the supersymmetric part of the multipole intersite interaction
Eq. (1.7) implicitly includes an isotropic term ∼ DTβ · Tβ. One
simple way to reproduce the octupolar order in Ce1−xLaxB6 is an
appropriate enhancement of the octupole term in the interaction
as D → D(1+ eO′). Some variants of the model have been studied
in the literature and provided a consistent mean-field picture to
interpret the complex experimental results in phase IV [87, 90].
However, it is not quite clear why the octupole interaction is
selectively enhanced in the La-doped system. Another possible
origin is the effect of random distribution of La that produces
an additional CEF potential lower than cubic at Ce cites. Since
the potential removes the non-Kramers degeneracy in the Γ8
state, the randomness is expected to suppress the AFQ order
more seriously. As a result, the AFO state surviving within the
Kramers degeneracy gains a chance to overcome the quenched
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Figure 1.14 (a) A schematic plot of the symmetry of Tβ octupole for the
(111) domain. (b) Domain averaged magnetic form factor in the octupole
order phase as function of the momentum transfer |κ|/4pi = sin θ/λ
(from [12]). Symbols (lmn) corresponds to κ = (l, m, n)/2 and full lines
to high symmetry directions. Underbars in the indices are defined as
n = 10+ n.
AFQ state [87,91]. In fact, the existence of strong spatial disorder in
phase IV of Ce1−xLaxB6 is inferred from broadening in the NMR
spectra [92]. Anyway the AFO mean-field ground state will be
〈Tβ〉 = 〈T−5 〉(±1,±1,±1) corresponding to different domains.
One of them, (1, 1, 1) is illustrated in Fig. 1.14 (a). If we pick
this domain the corresponding homogeneous induced Γ+5 (ferro-
) quadrupole will be 〈O〉 = 〈O+5 〉(1, 1, 1). Due to the coupling to
homogeneous strains Γ5 = (eyz, ezx, exy) the crystal will distort
with a trigonal strain eΓ5(1, 1, 1) in accordance with conventional
XD results [93].
While these macroscopic symmetry considerations are consis-
tent a direct proof by microscopic probes seems necessary. This
was provided by analysis of angular dependent RXS [7, 94, 95] and
large momentum transfer neutron diffraction [4, 12].
Firstly, the former shows clearly that in phase IV the resonant
scattering occurs at Bragg points corresponding to an AFO
propagation vector Q′ = ( 12
1
2
1
2 ), the same as in the AFQ phase II.
Furthermore, the dependence of scattered intensity I(φ) on the
azimuthal angle in the x-ray scattering plane shows a sixfold
and threefold oscillation with φ in the full circle for E2(σσ) and
E2(σpi) scattering channels, respectively. This can consistently
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be interpreted with an underlying octupolar-type hidden order
[94, 96].
Secondly, although conventional neutron diffraction at low
momentum transfer can only identify dipolar order, the scattering
at very large momentum transfer is sensitive to higher order
(odd rank) multipoles. Shiina et al. [12] have calculated the
expected form factor for large momentum transfer κ = k′ − k
of scattered neutrons for an underlying Γ−5 AFO order. It is
shown in Fig. 1.14 (b). The fact that the form factor vanishes for
low κ and shows a maximum at large κ is a typical signature
of multipolar order. The experiments have been performed [4]
and it was indeed observed on a few reflections that intensity
increases with momentum transfer, in accordance with theoretical
predictions. The anisotropy of the intensity for the momentum
transfer can provide a further information on the form of the
octupole, and its experimental identification is left for a future
study.
Thus Ce1−xLaxB6 is one of the few confirmed cases of primary
higher rank r ≥ 3 multipolar order. The octupolar order in
Ce1−xLaxB6 persists down to almost x ≈ 0.5 [84]. For even lower x
the compounds are disordered at all temperature in zero fields and
exhibit a Kondo impurity behavior. Another example for octupole
ordering is NpO2 [2,97], where the same component of octupole Tβ
is believed to order with the triple-q ordering vector. Note also that
higher magnetic and nonmagnetic multipole states are proposed
to resolve the nature of the famous HO phase of URu2Si2 [13–15],
but still remain controversial in that case.
1.5 The collective excitations in the AFQ hidden
order phase II of CeB6
Materials with CEF-split 4 f states show collective dispersive
magnetic excitations, termed ’magnetic excitons’ [98] already in the
paramagnetic phase. Their analysis leads to important information
to build an exchange model [99]. A magnetic phase transition
may be preceded by a softening of excitons at the ordering wave
vector [98]. Below the transition their dispersion is modified due to
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Figure 1.15 Schematic splitting of Γ8 multiplet in phase II into two
Kramers doublets by AFQ molecular field and into four nondegenerate
states due to action of AFQ, field H and induced dipole and octupole
molecular fields. Splittings are sublattice (s=A,B) dependent. For T > 0,
H 6= 0 all six excitations are possible. For low T only three excitations
from the ground state (full arrows) are important, leading to six dispersive
modes in the interacting two-sublattice AFQ state (adapted from [71]).
the molecular field and additional collective Goldstone spin wave
modes appear describing the order parameter dynamics.
In CeB6 we restrict ourselves to the fully degenerate Γ8 (above
TQ) and ignore the very high energy Γ8 − Γ7 excitation. Then we
have only to consider the quasielastic excitations of the Γ8 quartet.
For T < TQ in the AFQ phase and by application of external
fields the quartet splits as schematically shown in Fig. 1.15 and
the intersite coupling will then again lead to collective dispersive
modes, this time on the energy scale of the Γ8 splittings. However,
in the present case their dispersion will not only be influenced by
the dipolar exchange but by all multipolar interactions included
in the intersite term of the Hamiltonian in Eq. (1.7). On the other
hand their intensity appearing in INS is again be determined only
by the dipolar dynamic structure function of these modes because
neutrons (at low momentum transfer) do not directly couple to
higher multipoles.
The magnetic excitation spectrum of the AFQ phase II of the
model in Eq. (1.7) has been calculated with the complementary
generalized Holstein-Primakoff approach [72] or multipolar
response function formalism in the RPA approach [71, 100]. Both
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include the full multipolar basis for calculation of the mode
dispersions. For brevity we describe only the latter in this review
but give a comparison of results from both methods for a typical
case [Fig. 1.16 (b)]. As a first step (Sec 1.3.3) one has to calculate
the effective molecular fields (mf) 〈XnA〉 ± 〈XnB〉 (uniform and
staggered) of each multipole basis operator which leads to the
Γ8 splitting (Fig. 1.15). Here s = A, B denote the simple cubic
sublattices of the antiferro-type HO defined by ordering vector Q′.
1.5.1 Generalized multipolar RPA method
The CEF states are mixed by the molecular fields into new
eigenstates |νs〉i with energies Eν at every sublattice site (s, i) as
shown in Fig. 1.15. In terms of their standard basis operators asiνµ=
|νs〉i〈µs|i (ν, µ = 1, 4) the mean-field approximation to Eq. (1.7) is
given by
H =∑
ν,si
Esνa
si
νν −
1
2 ∑〈ij〉ss′
∑
νν′ ,µµ′
(Msνµ ·Dss′ ·Ms
′
ν′µ′)a
si
νµa
s′ j
ν′µ′ (1.11)
where M is a n-component vector (n = 1− 15) of matrix elements
for the multipole operators defined by Mnsνµ = 〈ν, s|Xnis|µ, s〉
and the inter-sublattice multipole n × n diagonal interaction
matrix is DAB(q) = DBA(q) = −2zDγqΛ. Here Λ gives the
relative interactions strengths of multipoles (Sec 1.3.3), furthermore
γq =
1
3 (cos qx + cos qy + cos qz). With the thermal occupations
of mf eigenstates given by nν = Z−1 exp(−Eν/T) and Z =
∑µ exp(−Eµ/T) the bare n× n multipolar susceptibility for each
sublattice s = A, B may be written as
χs0nl(ω) =∑
νµ
MnsνµMlsµν
Eµ − Eν −ω+ iγµν (nν − nµ). (1.12)
The γµν line widths of Γ8 transitions result from Landau damping
due to conduction electrons [100]. The collective response of all 15
Γ8 multipoles for the 2 sublattices is then described by the 30× 30
RPA susceptibility matrix
χ(q,ω) = [1−χ0(ω)D(q)]−1χ0(ω) (1.13)
where D consists of two anti-diagonal blocks DAB = DBA. The
elements of Eq. (1.13) may be used to construct the dipolar moment
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Figure 1.16 Spectral function of magnetic excitations for zero field (a)
and field along [001] axis (b) with h′ = 1 and T = 0.5T0 from HP [72]
(dots) and RPA [100] (shading) approach. The momentum vector q is
moving along the Brillouin zone (BZ) path ΓXMΓR (here q is normalized
to the length of each path segment to achieve equal intervals). In this and
all following similar figures the unit of mode energy ω is T0 = 2zD =
0.41 meV (4.74 K). Adapted from Ref. [100].
(J) cartesian (3× 3) susceptibility matrix according to
χαβ(q,ω) = ∑
ss′ ,nm
λnαλ
m
β χ
ss′
nm(q,ω) (1.14)
where the λnα are the coefficients of Jα in the pseudo spin
representation (Table 1.4). Then the dynamical dipolar structure
function, which is the only one observable in INS, may be written
as
S(Q,ω;H) =
1
pi
[1− eh¯ω/kT ]
×∑
αβ
[δαβ − QˆαQˆβ]Imχαβ(q,ω;H) (1.15)
It depends parametrically on field strength and direction. Here
Q = q+K is the total momentum transfer in INS with K denoting
a reciprocal lattice vector and Qˆ = Q/|Q|. The structure function is
proportional to the INS intensity and will be discussed for various
field strengths and directions below.
The calculated dynamical RPA structure function S(q,ω) for
CeB6 is shown in Fig. 1.16 for zero and finite field. Here we use
model parameters kBT0 = 0.41 meV or T0 = 4.74 K and  =
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(0.5, 0.5) for CeB6, also employed in Refs. [72, 100]. Furthermore a
dimensionless field strength is defined by h′ = 0.672H[T]/T0[K]
with physical units for H and T0 (we will also use h = h′T0). Then
h′ = 1 corresponds to H = 6.97 T. There are locally six excitations
between the molecular-field – and Zeeman-split Γ8 states, three
from the ground state and three from the thermally excited states
(Fig. 1.15), the latter are thermally suppressed except close to TQ.
Since there are two sublattices in the AFQ/AFO-type ordered
phase six excitation branches will appear prominently that are
mostly visible, e.g. in Fig. 1.16 (b) (for h = 0 there are additional
degeneracies). Roughly speaking, the six branches can be arranged
in two groups: Firstly, two high energy branches (H) and secondly,
four low energy branches (L), two of them almost degenerate and
largely flat. The former are mostly stabilized at higher energy by
the octupolar molecular field while the latter are stabilized by the
Zeeman term. When temperature approaches TmfQ (h) from below,
keeping the field constant the high energy modes collapse due
to the reduced octupolar order while the low energy modes are
less affected. Complementary, when temperature is kept constant
much below the transition and the field is reduced to zero, the high-
energy modes change little and the low energy modes are shifted
downwards [cf. Fig. 1.16 (a,b)]. Due to the threefold degenerate Γ+5
order a Goldstone mode then appears at the Γ point [Fig. 1.16 (a)].
It should be mentioned that the relative field independence of
the higher modes is a consequence of the accidental degeneracy
eQ = eO assumed in the model [100]. If we would choose eO
somewhat less than eQ the octupolar order parameter 〈τz〉Q would
rapidly collapse at small fields and the two high energy modes
with it, similar to the behaviour when temperature approaches
the transition from below at zero field. The mode dispersions in
the AFQ phase II of CeB6 from RPA calculations are in excellent
agreement with the results from the HP approach, shown as dots
in (b), including the intensities of modes as function of momentum
[72, 100]. The latter method has later also been extended to the
AFM phase III [101]. Experimental evidence for the multipolar
mode dispersions in finite fields was found in [102] and [103, 104].
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1.5.2 Dependence of mode energies on field strength
and field-angular rotation
The field dependence at constant q is complementary to the
standard INS method where the full q-dispersion is determined
for fixed field. In reality the latter may be difficult to carry out
due to strong variation of intensity in the BZ. In fact some of
the excitations were mostly identified at the symmetry points of
the BZ, in particular at Γ and R, but also X, M. Therefore, for a
comparison with theoretical results it may be a better strategy to
keep the momentum transfer fixed at these symmetry points and
vary the field strength and field direction. The mode frequencies
are then recorded in radial plots in the field rotation plane. This
is a change of viewpoint as compared to the previous theoretical
investigations [72, 100] which we discuss now in detail.
Without magnetic field the mean-field solution of Eq. (1.7)
leads to a transition at Tmf = (1 + eQ)T0 with the primary AFQ
order parameter. At finite fields a secondary dipole and octupole
staggered order will be induced, depending on field direction
(Fig. 1.10). Their associated molecular fields split and mix the
local CEF energies and states. This information is encoded in the
energy-denominator and matrix elements of the RPA susceptibility
in Eqs. (1.12,1.13) and hence the excitation spectrum of Eq. (1.15)
depends on order parameters, field strength and direction. First
Figure 1.17 H ‖ [001] field dependence of mode frequencies for various
BZ symmetry points Γ(000) and R( 12
1
2
1
2 ). Low energy modes exhibit
roughly linear Zeeman splitting. Field independent high energy modes
are stabilized by the induced octupolar order parameter.
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Figure 1.18 Field-angular anisotropies of multipolar excitation branches
at Γ and R points. A polar presentation is used where angle and radius
correspond to field direction and mode energy, respectively (ω = 6T0 at
black circle). Field strength is h = 2T0 (14 T). For such large field angular
anisotropy is pronounced and mode frequencies (radii) are more distinct.
Some mode intensities are interchanged with Γ ↔ R.
we consider the continuous field strength dependence of mode
frequencies at two symmetry points shown in Fig. 1.17 for field
along the [001] direction. In this case Oxy is selected from the
Γ+5 quadrupolar manifold as the primary order. As mentioned
before, the high-energy modes ω ' 4T0 stabilized by the octupolar
molecular field are hardly influenced by the field. On the other
hand, the low-energy modes around ω ' T0 stabilized directly
by the Zeeman term show an approximately linear increase of
frequency and splitting with the field. At the zone center Γ,
the mode with highest intensity is the Goldstone mode starting
at zero frequency, which then increases roughly linearly with
field strength. Experimentally such linear field dependence of
excitations at the Γ point has been found both in neutron scattering
[105] and electron spin resonance [106–108], although the situation
is complicated due to the additional AFM order at a different wave
vector, which is not included in the present model.
The dependence of multipolar excitations on continuous field
rotation at the Γ and R points is presented in the polar graphs of
Fig. 1.18 for field strength h′ = 2 (H ' 14 T). In these figures the
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radial coordinate represents the frequency of the excitation modes
in the dipolar INS structure function of Eq. (1.15). The angular
coordinate defines the field-rotation angle between the various
cubic axes [100], [110], [111] and their equivalents indicated at the
outer boundary of the polar plots. The rotation is continuous and
closed, however, in general not coplanar. The rotation sequence is
chosen to facilitate comparison with present experiments on CeB6
carried out in the same geometry.
The field-angular mode anisotropies show various signatures
worthwhile to look for in experiment. Firstly large fields increase
the anisotropy in the field-angular variation of mode frequencies
(Fig. 1.18). Furthermore the low energy (L) mode frequencies (small
polar radii) change more rapidly (expand) with increasing field
strength than for the high energy modes (outer radii) in accordance
with the previous discussion. We also note in both figures that the
anisotropy pattern at the Γ and R points are quite similar. This is
expected since both points have full cubic symmetry preserved.
However, remarkably the relative intensity of low energy (small
radii) and high energy (large radii) modes is interchanged when
going from Γ to R and vice versa. At X and M the analogous
behaviour is observed.
These polar anisotropy plots of multipolar excitations in CeB6
at BZ symmetry points present a compiled information on mode
positions and intensities that may be very useful for comparing
with experimental results and give guidance on where to look for
the modes with largest intensity. If the model so far accepted for
CeB6 with  = (0.5, 0.5) is reasonable, some features of the field
anisotropy plots described above should be identified in future
experiments.
1.6 Resonant magnetic excitations in the itinerant
CeB6 Kondo lattice
The 4 f states in CeB6, its ordered phases and excitations have sofar
been treated in a completely localized 4 f picture. At first look this
seems justified because the valence of CeB6 (2.95+) obtained from
photoemission [109] is very close to integer 3+ corresponding to
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stable 4 f 1 configuration with a binding energy |e f | = 2.1 eV. The
small deficiency is due to the Kondo resonance state formation
above the Fermi level (eF = 0) with a narrow width corresponding
to a small Kondo temperature TK = 4.5 K [110]. In the lattice
this temperature marks the onset of coherent heavy quasiparticle
bands with a width and (indirect) hybridization gap of order
TK and a corresponding large mass enhancement m∗/m ' 20
(γ = 250 mJ/mol K2) (Table 1.1). However, the quasiparticle band
width given by TK is about the same as the ordering temperature
TQ for AFQ hidden order.
Therefore it is questionable whether the fully localized
approach to the HO phase and its excitations is sufficient. Indeed
INS experiments [103, 111] justify this question. They suggest that
CeB6 exhibits a magnetic low energy mode in zero field that has
all the basic features of a collective itinerant spin exciton resonance
within the hybridization and hidden order gaps: It sharply peaks at
an energy ωr = 0.5 meV, it is narrowly confined at the simple cubic
R point with AFQ wave vectorQ’ and the temperature dependence
of ωr and resonance intensity increase in an order-parameter like
fashion with decreasing temperature. Simultaneously the intensity
for ω < ωr is depressed, characteristic for a spin gap formation.
Such collective spin exciton modes are ubiquitous within the
gap of unconventional superconductors, including high-Tc [112], Fe-
pnictide [113–115] and heavy-fermion [116–118] superconductors.
In this case the sign change of the unconventional superconducting
gap ∆k+Q = −∆k at the SC resonance position Q is necessary.
It ensures a finite coherence factor (matrix element of moment
operator) at the gap threshold which results in a pronounced
bound state peak in the collective magnetic response at an energy
ωr < 2∆0 where ∆0 is the amplitude of the sign-changing gap
function ∆k.
1.6.1 Heavy quasiparticle band properties in the PAM
Since CeB6 is in the normal state one must conjecture that the
hybridization gap and the additional gaps introduced by the
orderings lead to the necessary singular behavior of the bare
magnetic susceptibility to allow for a bound state [118]. This may
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be described by the mean-field hybridization model of Eq. (1.16)
supplemented by the effect of the molecular fields due to AFQ
and AFM order which lead to the additional gapping of the
mean-field quasiparticle spectrum [119]. First we briefly outline
the constrained mean-field theory of heavy electron bands in
the conventional SU(N f ) Anderson model with N f = 4 – fold
degenerate conduction band and 4 f quartet ground state. The
strong on-site Coulomb repulsion of f -electrons U f f eliminates
double occupancy of f -electrons (Ce) or holes (Yb). This constraint
is implemented using the auxiliary slave-boson field bi at each
site that represents the empty (Ce) or full (Yb) 4 f shell. It requires
the introduction of a Lagrangian term λ(∑m f †im fim + b
†
i bi ) with
1 ≤ m ≤ N f . However, the constraint is enforced only on the
average by performing the mean-field approximation b = 〈bi〉.
The resulting mean-field Hamiltonian is described by
H =∑
km
εckc
†
kmckm + ε˜
f
k f
†
km fkm + V˜k
(
c†km fkm + h.c.
)
+ λ(r2 − 1).
(1.16)
For the conduction band εck a simple n.n. TB model is used which
has the same main nesting vector Q’ as the true Fermi surface
of Fig. 1.2. Furthermore λ is a Lagrange parameter introduced
to enforce the occupation constraint. It moves the effective f -
electron level ε˜ fkm close to the Fermi level. Likewise the effective
hybridization V˜k is strongly reduced by the slave boson mean-field
amplitude 〈bi〉 = r. Together we obtain
V˜2k = r
2V2k = V
2
k (1− n f ); ε˜ fkm = ε
f
km + λ. (1.17)
In the following discussion of magnetic response we use
a simplified form of the Anderson model that neglects the
k dependence (but not necessarily orbital dependence) of
hybridization. This means we are setting V˜k = V˜. For our
purpose this simplification is adequate, but it cannot always
be used, e.g. for the derivation of electronic structure in the
pseudogap Kondo insulator CeNiSn [120] or the topological
insulators like SmB6 (Sec. 1.8.2) [121–123]. The single particle type
mean-field Hamiltonian may be diagonalized and then leads to
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Figure 1.19 (a) The hybridized quasiparticle bands around the
renormalized f -level e˜ f and (b) corresponding DOS for typical model
parameters. Fermi level position for heavy-fermion metal (HF, like CeB6)
and Kondo insulator (KI, like YbB12 and SmB6) is indicated. For KI eF is
inside the hybridization charge gap ∆c (from [118]).
the quasiparticle Hamiltonian
HMF = ∑
i,k,m,α
εαka
†
α,kmaα,km + λ(r
2 − 1),
ε±k =
1
2
[
eck + e˜
f
k ±
√
(eck − e˜
f
k)
2 + 4V˜2k
]
.
(1.18)
Here ε±k are the pair (α = ±) of hybridized quasiparticle (aα,km)
bands, each N f -fold degenerate. The indirect gap in Fig. 1.19
has the size of the Kondo temperature: ε+0 − ε−Q′ ' TK with
TK = W exp
{−2/[N f JNc(0)]}. Here W, Nc(0) are conduction
band width and DOS, respectively, J = 2V2/|ε f | is the on-site
exchange constant. The transformation to quasiparticle states is
given by
fkm = u+,ka+,km + u−,ka−,km; ckm = u−,ka+,km − u+,ka−,km.
(1.19)
with the coefficients defined by
2u2±,k = 1± (eck − e˜ fk)/
√
(eck − e˜
f
k)
2 + 4V˜2k . (1.20)
They appear in the matrix elements in the numerator of the
expression for the bare magnetic susceptibilities, possibly together
with coherence factors of broken symmetry states (hidden order,
magnetic or superconducting).
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Table 1.7 Overview of experimental spin resonance char-
acteristics in heavy-fermion metals and Kondo insulators.
Here ∆c denotes the quasiparticle charge gap equal to the
hidden order or hybridization gap (for finite or vanishing
THO), respectively. The resonance appears inside the charge
gap (ωr∆c < 1) around HO or characteristic FS vector Q’.
compound THO ∆c ωr ωr∆c Q’ Ref.
[K] [meV] [meV] [r.l.u.]
CeB6 3.2 1.3 0.5 0.39 ( 12
1
2
1
2 ) [111, 119, 124]
SmB6 - 20 14 0.7 ( 12 00) [35, 125, 126]
YbB12 - 15 15 ∼ 1 ( 12 12 12 ) [127–129]
URu2Si2 17.8 4.1 1.86 0.45 (001) [16, 130, 131]
1.6.2 Collective spin exciton modes
In a model for the AFQ and/or AFM ordered phases II and III of
CeB6 further terms must be included which describe schematically
the molecular fields due to orbital and (Kramers pseudo-) spin
symmetry breaking due to AFQ and AFM order:
HAFQ = ∑
k,σ=↑↓
∆Q′( f
†
k,+σ fk,+Q′−σ + f
†
k,−σ fk+Q′ ,+σ). (1.21)
and
HAFM = ∑
k,τ=±
∆Q( f †k,τ↑ fk+Q,τ↓ + f
†
k,τ↓ fk+Q,τ↑) (1.22)
Here τ = ± is the pseudo-orbital and σ =↑↓ the pseudo spin
index of the Γ8 quartet. For finding the magnetic excitations
we first require the bare dipolar susceptibility χll
′
0 (q, t) =
−θ(t)〈Tjlq(t)jl′−q(0)〉, where jlq = ∑
kmm′
f †k+qm Mˆ
l
mm′ fkm′ are the
physical magnetic dipole operators (l, l′ = x, y, z) with Mˆz =
(7/6)τˆ0 ⊗ σˆz. Due to cubic symmetry we can restrict to χzz0 (q,ω)
given by (iν→ ω+ i0+)
χzz0 (q,ω) ∝ ∑
αα′km1m2
(ρˆα
′α
k,q)
2
∫
dω′Gˆ0ss(iν+ω′)Gˆ0s′s′(ω
′) (1.23)
where we abbreviate s = (α,k+ q, m1) and s′ = (α′,k, m2). It
contains the effect of the modified quasiparticle energies in the
Green’s functions Gˆ0ss and matrix elements ρˆα
′α
k,q containing the
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Figure 1.20 (a) Spin-exciton resonance peak in the RPA spectrum in
the ordered phase developing at the R point Q′ = ( 12
1
2
1
2 ) (simple-cubic
zone corner) due to AFQ and AFM gaps (inset shows the temperature
dependence). Jq is chosen as Lorentzian around R point (t = 22.4 meV).
(b) Contour plot of ImχRPA(q,ω) for CeB6 along the ΓR direction.
Localized resonance peak appears at R for ω = ωr and a spin gap
develops below (adapted from [119]). (c) INS results at the experimental
resonance frequency in (hhl) plane. Intensity is narrowly confined at R
point resonance. Reproduced from Friemel et al. [111].
coefficients in Eq. (1.20) reconstructed by the molecular fields
of Eqs. (1.21,1.22). Due to the AFQ and AFM gap openings the
bare magnetic response described by χzz0 (q,ω)
′′ is pushed to
higher frequencies and the real part is considerably enhanced.
The collective RPA susceptibility, due to residual quasiparticle
interactions described by Jq, is given by
χRPA(q,ω) = [1− Jqχzz0 (q,ω)]−1χzz0 (q,ω), (1.24)
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Once the enhanced χzz0 is large enough due to the influence
of order parameters the denominator of χRPA(q,ω) vanishes
and a spin exciton bound state pole develops. This can be
seen from Fig. 1.20 (a), where below TQ and in particular TN
a sharp resonance appears around the AFQ ordering vector
q ≈ Q′ with an energy ωr/∆c = 0.64 (T → 0). Here ∆c is
the indirect hybridization charge gap (Table 1.7) determined
by point contact spectroscopy [124] and apparent in the DOS of
Fig. 1.19 (b). The momentum dependence of the spectrum along
[111] diagonal ΓR line is presented in Fig. 1.20 (b). It demonstrates
the confined resonance excitation at ωr and the signature of
the spin gap (ω  ωr), both at the R point. Away from the R
point the low energy spin fluctuations of the metallic state are
still present. The complementary experimental CeB6 constant-
ω INS intensity plot [111] for q in the (hhl) scattering plane
at ω = ωr(0.5 meV) is shown in Fig. 1.20 (c). It exhibits the
pronounced accumulation of intensity confined narrowly at the
resonance location R corresponding to the peak formation in
Fig. 1.20 (a). The above discussion of the dynamic response uses the
RPA approach for the ordered phases of CeB6. A theory beyond
this approximation for the static response in the paramagnetic
phase has been proposed in [132].
1.7 Dispersive doublet spin exciton mode in the
Kondo semiconductor YbB12
In CeB6 the resonance is tied to the presence of hidden and AFM
order that enhance χzz0 (q,ω) (in experiment it appears only below
TN). This enables the existence of a pole in Eq. (1.24). One might,
however, expect that this is not always necessary and that under
favorable conditions the resonance may appear already without the
support of additional gapping due to order parameters. This case
is realized in cubic YbB12 [129]. The compound is a model Kondo
semiconductor with equal spin and charge gap of ∆c ∼ 15 meV
[127] and without any symmetry breaking. The 4 f hole in Yb3+
has a lowest J = 7/2 multiplet which is split by the CEF into a Γ(1)8
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Figure 1.21 Calculated dispersion of split resonance in YbB12 along
ΓL direction where L is the fcc ( 12
1
2
1
2 ) point (t = 320 meV). Dispersion
stretches considerably into the BZ because ωr ' ∆c (Table 1.7), from [129].
ground state and two closeby doublets. The latter will be treated
as another pseudo-quartet Γ(2)8 .
Then the model in Eq. (1.16) must be slightly generalized
replacing e f → e f +∆Γ and V → VΓ to include the CEF splitting
∆2−∆1 of the two quartets and in particular their different average
hybridization VΓ = 12
(
∑m |VΓm|2
) 1
2 . Therefore we obtain two sets
of quasiparticle bands with different size of the hybridization gap.
The associated bare susceptibility is then given by
χΓ0 (q,ω) = ∑
k,±
uΓ±k+qu
Γ
∓k
[
f
(
E±Γ (k+ q)
)− f (E∓Γ (k))
E∓Γ (k)− E±Γ (k+ q)−ω
]
, (1.25)
This implies that the collective RPA susceptibility has contributions
from the two sets of quasiparticle bands according to
χRPA(q,ω) =∑
Γ
[1− JΓ(q)χΓΓ0 (q,ω)]−1χΓΓ0 (q,ω). (1.26)
Therefore one obtains two split collective modes with different
energies if the resonance condition is fulfilled for each Γ. This is
shown in Fig. 1.21 where two distinct resonance peaks appear
at the Q′ = ( 12
1
2
1
2 ) fcc L point right on top of the single particle
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hybridization gap. (YbB12 has a different cubic structure with a
fcc Yb sublattice). This wave vector corresponds to the low energy
indirect interband (±) excitations across the hybridization gap (see
illustration in Fig.1.19). When |q| decreases away from the L point
the interband excitation energies increase from the indirect band
gaps ∼ TK at Q’ to the direct band gap ∼ 2V˜Γ  TK for q → 0.
This results in a decrease of ReχΓΓ0 (q,ω) for fixed ω and therefore
the resonance condition becomes harder to fulfill for both modes.
Ultimately at roughly one third into the BZ the intensity of the
spin excitons vanishes (Fig. 1.21). The upward dispersion of the
split modes is again due to the behavior of ReχΓΓ0 (q,ω) whose
maximum in q,ω plane shifts to larger energies with decreasing
|q|, this also results in larger energies of the two resonances
(Fig. 1.21). The model parameters have been adjusted to obtain the
hybridization gap, the observed resonance energies [127] (Table 1.7)
and the dispersive features. It is interesting to speculate what
would happen if they could be tuned by pressure. A decrease of
the gap or an increase in JΓ(q) might lead to a soft spin exciton
mode at the L point and result in an antiferromagnetic Kondo
insulator. Although the Kondo semiconductor gap in YbB12 is well
documented, it shows anomalous transport properties that are
not understood to date. Despite the insulating ground state, bulk
Shubnikov – de Haas (SdH) oscillations with a large effective mass
are observed [133]. Furthermore, thermal conductivity exhibits a
linear term in κ/T that is not of electronic origin [134].
1.8 Magnetic excitations, topological state in the
mixed valent semiconductor SmB6
Among the RB6 series, SmB6 is the only strongly mixed valent
(MV) compound due to large hybridization of 4 f states and 5d
conduction states. This has been known for a long time, and
the temperature and pressure dependence of the valence has
been determined with various means, in particular XAS [136, 137]
and HAXPES [135] (see Fig. 1.22). At low temperature (' 5 K)
the valence is v = 2.55, almost intermediate between the 2+
and 3+ configurations which have ground states J = 0 and
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Figure 1.22 (a) Temperature dependence of Sm valence from HAXPES
experiments (from [135]) (b) Dichroic spectrum Iq‖100 − Iq‖111 (NIXS data:
black dots) and comparison with simulations for Γ8 and Γ7 ground state.
A scale factor 0.6 for the Sm3+ part of the MV ground state is applied.
Reproduced from Sundermann et al. [33].
J = 52 , respectively. The strong hybridization with conduction
electrons which leads to this non-integer valence also generates a
hybridization gap of the order ∆c = 20 meV schematically shown
in Fig. 1.19 within the Anderson model description. Because the
resistance shows an activated-type increase when temperature
decreases below T ' 50 K, somewhat below the gap temperature
scale, it was concluded that SmB6 is a “Kondo-insulator” where
the Fermi energy eF in Fig. 1.19 lies inside the hybridization
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gap. This designation is now generally used although ’strongly
correlated mixed valent semiconductor’ would be more precise
for SmB6. Away from the hybridization region the 5d-like bulk
conduction bands have dispersions centered around the X points
and are associated with constant-energy surfaces that qualitatively
resemble much the 5d Fermi surface in the reference compound
LaB6 (Fig. 1.2).
1.8.1 CEF and collective magnetic excitations
For describing the 5d-4 f hybridization in detail an idea about
the Sm3+ J = 52 states and their CEF splitting is necessary. This
question was settled by inelastic x-ray investigations [33,35] which
have identified the Sm3+ level scheme Γ8(0)− Γ7(20 meV). The
symmetry of the ground state was concluded from x-ray dichroism
spectra and comparison with simulation from a full multiplet
calculation [33]. As can be seen in Fig. 1.22 the Γ8 ground state
simulation fits very well to the data. The CEF splitting ∆ = 20 meV
of the upper Γ7 level has been determined by RIXS experiments
in an indirect manner via the CEF splitting of an excited 4G∗5/2
term [35]. Interestingly it is equal to the observed hybridization
gap obtained, e.g, from optical conductivity [138]. This explains
also why the CEF splitting has not been found in INS experiments.
The width of the quasielastic line in MV or Kondo compounds
is given by [110] Γ(T) = T∗ + A
√
T where T∗ is of order the
hybridization gap ∆c. Then naturally when the quasielastic line
width is of the same order as the CEF splitting the latter cannot be
identified in INS. However, INS did observe a pronounced spin
exciton resonance located narrowly at the X-point at ωr = 14 meV
[125,126] and inside the hybridization gap. This collective magnetic
mode is similar to the one found in the Kondo insulator YbB12 and
in the HO/AFM state of the heavy-fermion metal CeB6 (Table 1.7)
discussed in the preceding sections.
1.8.2 SmB6 as a strongly correlated topological insulator
Early experiments on SmB6 had shown a puzzling feature:
According to optical conductivity the hybridization gap should be
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Figure 1.23 3D BZ with TRI points Γ(000), X( 12 00) etc., M(
1
2
1
2 0) etc. and
R( 12
1
2
1
2 ). Projected 2 BZ [along (001)] TRI points are denoted by bars [122].
The band inversion along ΓX leads to an odd number (3) of 2D isotropic
Dirac cones at Γ¯, X¯ in 2D surface projected BZ. Their dispersion ±vsF|k| is
sketched and helical spin polarization with σ × kˆ = ±1 indicated.
well developed and lead to a complete suppression of dc transport.
Although the resistance shows activated temperature behaviour
below T ' 50 K at even lower temperature T ≤ 4 K it abruptly
saturates at a large but finite value [139, 140]. This behaviour
was originally attributed to the formation of in-gap impurity
bands although the saturation value does not increase with
sample quality. However, with the advent of ideas on topological
insulators [141,142] it was realized [122,123,143] that the resistance
saturation in SmB6 may have a more profound origin, namely
being due to conducting topologically protected surface states.
The possibility of such states in non-interacting insulators
was proposed in the ground-breaking work of Fu and Kane
[141, 142]. For a 3D band insulator with spin orbit coupling in
the presence of inversion (I) and time reversal (Θ) symmetry
the energy bands must be twofold (Kramers) degenerate at the
time reversal invariant (TRI) points k∗m that are characterized by
Θk∗m = −k∗m + G. Here G is a reciprocal lattice vector. There
are m = 1–8 such points in the simple cubic lattice of Fig. 1.23
(appropriate also for SmB6 when we restrict to Sm 4 f and 5d states).
Due to inversion symmetry the n-th Bloch state at k∗m may be
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classified by its parity eigenvalue δnm = ±1. The set of products for
all occupied bulk states at a given TRI point m
δm = ∏(εnk<µ) δ
n
m = ±1 (1.27)
contains an important information on the dispersion of bands. If
δm changes its sign from one TRI point to the next it means that
there must have been one or an odd number of opposite-parity
band crossings between them which are driven by the spin-orbit
coupling. The product over all TRI points
Z2 = ∏m δm = ±1 (1.28)
defines an Ising or Z2 index that characterizes even (Z2 = 1) or
odd (Z2 = −1) overall number of band crossings. This ’strong’
topological index signifies the absence or presence of topological
order in the band insulator (the ’weak’ indices associated with
BZ surfaces will not be discussed here, see [122, 144, 145]). For
Z2 = 1 the bulk insulating state is designated trivial and non-
trivial or topological for Z2 = −1. The latter corresponds to
an internal ’twist’ of the ground state wave function caused by
the spin-orbit coupling generated band crossings. An adiabatic
deformation of the lattice potential parameters cannot change it
into a trivial band insulator, in particular not into the vacuum
(loosely a trivial insulator with an arbitrary large gap). Therefore
approaching the TI surface, i.e. the boundary to the vacuum the
topologically distinct (Z2 = ±1) regions can only be joined if
the gap on the TI side vanishes at the surface. This implies the
necessity of gapless surface states which have attractive features:
They are characterized by a massless Dirac dispersion with spin-
momentum locking leading to non-degenerate helical states. These
surface states are robust and protected as long as the TI state of the
bulk prevails. Many excellent realizations of weakly correlated TI
materials and their surface states have been found by now [146]
with Bi2Se3 and Bi2Te3 being most prominent examples [147]. Here
the existence of protected surface states with Dirac dispersion and
helical spin momentum locking which forbids backscattering have
been verified in countless experiments like spin-resolved ARPES,
QHE, SdH, magnetoresistance and STM-quasiparticle interference
(QPI).
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Figure 1.24 Single f , d-orbital toy model band structure after Eq. (1.29)
corresponding qualitatively to the STI case (Z2 = −1) of SmB6.
Parameters are td = 1, t f = −0.1, t′d, f = −0.4td, f , t′′d, f = 0, e˜ f = −2
and V˜d f = 0.5. Band crossings (parity ± exchange) appear along ΓX and
MX directions but not along ΓM. Adapted from Legner et al. [144].
If this scenario should be applied to the strongly correlated case
of the Kondo insulator SmB6 one has to invoke the question of
topological classification in the presence of strong 4 f Coulomb
repulsion U f f . In various approximation schemes its effect may
be described within the quasiparticle band picture, therefore the
same procedure for obtaining the topological index Z2 may be
used as defined above. The quasiparticle bands of SmB6 have
been obtained by different approaches: Based on ab-initio LDA
calculations [148, 149], LDA+DMFT [150] or LDA supplemented
by Gutzwiller projection [151]. In these cases the full Γ8, Γ7 basis
for the 4 f single particle states is included. Parameterized model
calculations starting from the tight-binding picture have also
been proposed, in decreasing level of complexity: A TB model
based on the 4 f Γ8 quartet only and including n.n. and n.n.n.
hopping and hybridization [122] or n.n. processes only [152]. This
may be even more simplified by observing that only one of the
orbital components of 5d eg states hybridizes with the symmetry
equivalent orbital component of Γ8 [149]. Then the TB basis may be
further reduced, involving only one (Kramers degenerate) orbital
for 5d conduction states as well as for 4 f states [144]. This toy
model for SmB6 is then similar to the basic Anderson model in
the mean-field slave boson approximation (limit of infinite U f f )
discussed in Sec. 1.6.1. There is one important difference: For the
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topological index the quasiparticle band ordering at TRI points
is essential. Therefore we cannot just assume a k-independent
effective hybridization constant V˜ as would be appropriate for
an on-site p- f hybridization. Here, for d- f inter-site hybridization
V˜k must depend on momentum such that it vanishes at the TRI
points due to inversion symmetry. With this modification the toy
model leads to two (doubly Kramers degenerate) quasiparticle
bands given by [144]:
ε±k =
1
2
[
eck + e˜
f
k ±
√
(eck − e˜
f
k)
2 + 4V˜2k
]
eck =− 2tdc1(k)− 4t′dc2(k)− 8t′′d c3(k)
e˜
f
k =e˜ f − 2t f c1(k)− 4t′f c2(k)− 8t′′f c3(k)
V˜k =2V˜d f (s2x + s
2
y + s
2
z)
1
2
(1.29)
Here the definitions sα = sin kα, cα = cos kα, cαβ = cαcβ (α, β =
x, y, z) and furthermore c1(k) = cx(k) + cy(k) + cz(k), c2(k) =
cxy(k) + cyz(k) + czx(k) and c3(k) = cx(k)cy(k)cz(k) were
employed. The set of hopping parameters (td, t′d, t
′′
d ), (t f , t
′
f , t
′′
f )
(up to 3rd n.n. and the renormalized f -orbital energy e˜ f define
the effective nonhybridized 5d and 4 f bands and the inter-site n.n.
hybridization V˜d f mixes them to the two effective quasiparticle
bands ε±k . Obviously there is much freedom for parameter choice to
model the bands. An example of both nonhybridized (thin dashed
lines) and hybridized bands (full lines) is shown in Fig. 1.24. It
demonstrates that i) there is an overall hybridization gap opening
ii) there is a band inversion of opposite parity (±) states along
ΓX and MX directions but not along ΓM and ΓR (not shown)
directions when moving in the BZ of Fig. 1.23. Then we have δΓ =
δM = δR = −1 and δX = +1 leading to Z2 = δΓδRδ3Xδ3M = −1.
Therefore for the parameters in Fig. 1.24 the model dispersion of
SmB6 has an odd number of band inversions and corresponds
to a strong topological insulator. This implies the existence of
surface states [153] which appear at the TRI points Γ¯ and X¯ of
the 2D BZ which have 2D projected indices δΓ¯ = δΓδX = −1 and
δX¯ = δXδM = −1 (Fig. 1.23). They are described by an effective 2D
Hamiltonian leading to massless helical eigenstate
H2D =∑
k
vsF(kxσy − kyσx); ε±sk = ±vsF|k| (1.30)
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where vsF is the Fermi velocity (slope) of the Dirac-cone dispersion
ε±sk which may be different for the Γ¯ and X¯ cones. The eigenstates
have a helical spin-momentum locking with σ × kˆ = ±1. The
Dirac cones and the spin polarization of surface states is sketched
in Fig. 1.23.
As mentioned before the Z2 index (and also the weak
topological indices) depends on the model parameters of
nonhybridized bands. Other situations are possible and the phase
diagram [144, 145, 154] in parameter space comprises trivial, weak
and strong topological insulators, only the latter was discussed
here. For all TB models studied in this context two aspects have to
be kept in mind: Firstly for the constituent bulk Kondo insulator
gap to appear it is necessary to have non-vanishing hybridization
V˜d f , but this is not yet sufficient: In addition the dispersion of
nonhybridized e˜ fk along ΓX must be upward (thin blue line in
Fig. 1.24) which poses constraints on the f -hopping parameters.
Physically it is an effect of the closeby B 2p valence band at X
(Fig.1.2). Secondly, once this is satisfied the topological index Z2
does not depend on the hybridization because always V˜km ≡ 0 at
the TRI points due to inversion symmetry. The Z2 index, i.e. the
question of trivial vs. topological insulator, which is simply the
product of the δm = sign(eck∗m − e
f
k∗m), is then determined solely
by the band ordering of the nonhybridized conduction d band and
effective f band energies at the TRI points.
While the bulk TI nature of SmB6 due to 5d-4 f band crossing
has been supported by ARPES [26, 155] the observation and
interpretation of surface state character [156,157] with this method
is still controversial and therefore too early to review. This may
be partly due to materials problems because the SmB6 surfaces
tend to a diverse number of complicated reconstructions [158, 159].
In particular as in YbB6 the polar [001] surface may involve band
bending effects that can lead to 2D (surface confined) states that
are not due to the topologically non-trivial band crossing (see
Ref. [26] and references therein). On the other hand, recent STM-
QPI investigations [159, 160] reported both the observation of bulk
band crossing and hybridization gap formation as well as the
existence of surface-state Dirac cones with a proposed large mass
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enhancement, thus supporting the topological Kondo insulator
picture for SmB6.
1.9 Conclusions and outlook
The cubic rare earth borides show a great variety of exotic ordered
states. This is enabled by the strong correlations due to 4 f -electron
Coulomb repulsion, the subtle influence of hybridization with
conduction electrons and the possible high degeneracy of 4 f
electron CEF ground states like quartets and triplets. Among the
more exceptional cases are the heavy-fermion metal CeB6 and
diluted Ce1−xLaxB6 with antiferro-type multipolar hidden order,
PrB6 with coexistence of magnetic and antiferro-quadrupolar order,
the Jahn-Teller compounds DyB6 and HoB6 with ferroquadrupolar
phases, the Kondo insulator SmB6 with topological order, the spin-
polarized semimetal EuB6 and the 4 f -5d band semiconductor YbB6.
The remaining RB6 (R = Nd, Gd, Tb) exhibit antiferromagnetic
order either with the canonical magnetic wave vector ( 14
1
4
1
2 ) of the
series or the simple type-I ordering vector (00 12 ) for the Nd case.
The new types of multipolar hidden order which involve higher
than rank-1 (dipole) moments of the 4 f shell like quadrupoles
and octupoles cannot be easily identified with conventional
diffraction methods. In this respect detailed NMR investigations
and in particular the new technique of resonant x-ray scattering
have led to a real progress of understanding hidden order, most
prominently in CeB6 and Ce1−xLaxB6 but also in the 5 f actinide
HO compounds.
The single strongly mixed valent compound of the RB6 series,
SmB6 is so far a unique example of a strongly correlated topological
Kondo insulator. This is due to an intricate arrangement and
crossing of 5d and effective 4 f Γ8-type quasiparticle bands in
the BZ which leads to a non-trivial topological index Z2 = −1
that signifies the existence of massless helical Dirac surface states.
While the evidence for band crossing and non-trivial Z2 of bulk
insulating state from theoretical investigation and photoemission
experiments is convincing, the evidence for the topological helical
surface states [156] is controversial. Recent STM quasiparticle
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Fig. 3. (Color online) Phonon dispersion relation curves of the L modes
propagating along the [100] axis of TbB6 at room temperature (red circles)
and 25K (green squares) are shown. The data measured at Q ¼
ð5:50; 0:25; 0Þ at 25K is shown by a solid triangle. Experimental errors are
smaller than the symbols. The thick broken curve and dotted curve are the
dispersion relations of GdB68) and DyB615) at room temperature, respectively.
The thin broken line near ! ¼ 0 is the dispersion slope deduced from the
elastic constants obtained by ultrasonic measurements for TbB6.21)
Figure 1.25 Anharmonic phonon dispersion of RB6 (R = Gd, Tb, Dy).
Data for Tb show partial softening of the L-point ( 12
1
2
1
2 ) (full fcc BZ)
phonon with temperature and an essentially flat dispersion due to rattling
motion in the oversized cages formed by B6 octahedra. Lines indicate the
experimental results for Gd, Dy at room temperature (RT). Reproduced
from Iwasa et al. [23].
interference results have, however, given direct support for their
existence [159, 160].
In those RE-boride compounds that show a well-defined
4 f -5d hybridization gap, another important signature of heavy
quasiparticle physics was found: The existence of spin-exciton
resonances at sharp energies below the gap threshold and
confined in q-space regions close to symmetry points of the BZ
boundary. These resonances are well known from unconventional
superconductors where, due to the sign change of the gap
functions, a singular magnetic quasiparticle response appears
at the gap threshold. This may also happen naturally for the
normal state hybridization gap in Kondo compounds. In CeB6,
due to the metallic state, the assistance of AFQ/AFM order with
additional gapping is necessary to stabilize the spin exciton bound
state at the simple cubic R( 12
1
2
1
2 ) point. In the semiconducting
state of SmB6 no local hidden order (other than topological) is
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necessary to create the resonance below the hybridization gap
threshold ωr < ∆c (Table 1.7) at the simple cubic X( 12 00) point. A
particular interesting case is cubic YbB12: Because of two CEF Γ8
(quasi-) quartets two orbitally distinct hybridization gaps lead to
a twofold splitting of the spin resonance excitation that starts at
the bcc L point ( 12
1
2
1
2 ) and disperses upward into the BZ. These
spin resonances are beautiful manifestations of gapped heavy
quasiparticles and their interactions in Kondo materials.
In this review mostly electronic properties were considered
with only an occasional mention of their coupling to lattice degrees
of freedom. The latter would deserve a separate discussion. They
have two aspects: Firstly the magnetoelastic coupling which leads
to elastic constant anomalies, e.g. small effects for AFQ phase
transitions as in CeB6 or full softening at Jahn-Teller transition
with ensuing ferroquadrupolar order as in HoB6. Secondly, as
mentioned in the introduction the lanthanide contraction leads to
oversized cages for the heavier RE ions formed by B6 octahedra,
starting with Gd (Fig. 1.1). This enables a highly anharmonic
’rattling’ motion in the cages whose signature are largely flat
phonon modes. An example is shown in Fig. 1.25. It is not clear
whether these strongly anomalous phonon dispersions are entirely
due to the cage rattling effect, or whether strong-coupling of
phonons to virtual CEF excitations plays an important role and
this topic deserves further investigation.
With the exception of YbB12 only the hexaboride RB6 family
was discussed in this work. There is, however another extended
family of non-cubic RB4 tetraborides which has attracted great
attention, but for quite different reasons. Their layered structure
has the RE ions arranged in quasi-2D sublattices with geometrically
frustrated Shastry-Sutherland structure (a network of orthogonal
dimers). The low RE site symmetry then always leads to (non-)
Kramers CEF doublets, depending on J. It has been suggested
that the in-plane xy and perpendicular (Ising) z components of
the pseudo spin may be ordered/disordered independently due
to the geometric frustration in the plane. The Ising component can
exhibit metamagnetic behaviour as in TbB4 [162, 163] , HoB4 [164]
and TmB4 [165]. Of particular interest is DyB4 which has been
considered as an example of geometrically frustrated dipoles
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Figure 1.26 Magnetic specific heat of DyB4 identifies two transitions
Tc1 = 20.3 K and Tc1 = 12.7 K. At I/II boundary Jz Ising moment
orders. In II Jx,y moments and Oxy quadrupoles still fluctuate as indicated
by remaining entropy and large c44 elastic constant softening. At II/III
boundary they order and remove remaining entropy. This picture suggests
that the two lowest Dy3+ Kramers doublets form a quasi-quartet.
Reproduced from Watanuki et al. [161].
and quadrupoles [161] that exhibit separate ordering of Ising
and xy magnetic moments while quadrupole moments are still
disordered in between the transitions (Fig. 1.26). An alternative
view has been put forward in [166]. As common with 2D geometric
frustration effects [167] the collective behaviour of moments cannot
be fully understood by simple analytic methods but needs to be
supplemented by extensive numerical analysis [168].
Besides the cubic binary rare earth borides, the tetragonal
ternary RE borocarbides RB2C2 are another family that exhibit
multipolar ordering. Because of their lower symmetry quartet
degeneracy of 4 f states is already lifted and therefore exotic order
is a priori less likely. Nevertheless spontaneous or field induced
quadrupolar order has been identified for a few compounds. In
particular DyB2C2 shows an AFQ transition [Q′ = (00 12 )] with a
exceptionally large TQ = 24.7 K, followed by a magnetic transition
at TC = 15.3 K [169]. The quadrupolar nature of the AFQ phase
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has been proven by resonant x-ray scattering [170, 171]. Due to
the large TQ and the total entropy release of 4R ln 2 one is led to
assume that a quasi-quartet of two closeby Kramers doublets form
the basis for the quadrupolar and magnetic order. AFQ order has
also been suggested for TbB2C2 [172] and HoB2C2 [173], but in
contrast to the Dy compound it is only of the field-induced type
while at zero field magnetic order prevails.
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List of Acronyms
AFM/AFQ/AFO antiferromagnetic/-quadrupolar/-octupolar
ARPES angle-resolved photoemission spectroscopy
BZ Brillouin zone
CEF crystal electric field
dHvA de Haas – van Alphen
DMFT dynamical mean-field theory
DOS density of states
FM/FQ ferromagnetic/ferroquadrupolar
FS Fermi surface
HAXPES hard x-ray photoelectron spectroscopy
HF heavy fermion
HFM heavy-fermion metal
HO hidden order
HP Holstein-Primakoff
IC incommensurate
INS inelastic neutron scattering
JT Jahn-Teller
LDA local density approximation
MV mixed valence
n.n./n.n.n. nearest/next-nearest neighbor
ND neutron diffraction
NIXS/RIXS non-/resonant inelastic x-ray scattering
NMR/ESR nuclear magnetic/electron spin resonance
PAM periodic Anderson model
QHE quantum Hall effect
QPI quasiparticle interference
RE rare earth
RKKY Ruderman-Kittel-Kasuya-Yosida
RPA random phase approximation
RXD resonant x-ray diffraction
SdH Shubnikov – de Haas
STM surface tunneling microscopy
TI topological insulator
TRI time reversal invariant
XAS/XD x-ray absorption spectroscopy/x-ray diffraction
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